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A KAM phenomenon for singnlar holomorphic vector fields 


Laurent Stolovitch * 
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Abstract 

Let V be a germ of holomorphic vector field at the origin of C" and vanishing there. 
We assume that V is a “nondegenerate” good perturbation of a singular completely 
integrable system. The latter is associated to a family of linear diagonal vector fields 
which is assumed to have nontrivial polynomial first integrals. We show that X admits 
many invariant analytic subsets in a neighborhood of the origin. These are biholo- 
morphic to the intersection of a polydisc with an analytic set of the form “resonant 
monomials = constants”. Such a biholomorphism conjugates the restriction of X to 
one of its invariant varieties to the restriction of a linear diagonal vector field to a toric 
variety. Moreover, we show that the set of “frequencies” defining the invariant sets is 
of positive measure. 
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1 Introduction 

In this article, we continue our earlier work on germs of singular holomorphic vector helds 
in C"'. Our aim is to give a better understanding of the behavior of complex flows in a 
neighborhood of an isolated singular point (which will be 0) of such a vector held. 

As it is well known, the behavior of trajectories at the vicinity of the singular point 
is very difficult to describe. These difficulties are closely related, in the one hand, to the 
problem of small divisors and, on the other hand, to the problem of symmetries and first 
integrals. 

The vector fields for which the situation is well understood are the completely integrable 
ones, in a sense which will be recalled later on. One of their main features is that they are 
holomorphicahy normalizable in a neighborhood of the origin. The analysis of the behavior 
of the ffow can therefore be carried out on the normal form and then, pulled back by the 
biholomorphism: all the ffbers of an associated algebraic map (the moment map or the 
resonant map), when intersected with a ffxed polydisc around the origin, are invariant by 
the ffow of the normal form. Moreover, its restriction is nothing but the restriction of a 
linear diagonal vector held whose eigenvalues depend only on the ffber. 

The situation we shall deal with concerns the perturbed case. By this we mean the 
following: we choose a holomorphic singular completely integrable system. Let us perturb 
it in some way. What can be said about the behavior of the flow of the perturbed system ? 
Roughly speaking, we shall show that, genericahy, a large set of the deformed ffbers is still 
invariant under the perturbed ffow. 
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1.1 Classical hamiltonian framework: Complete integrability and KAM 
theory 

First of all, let us recall Liouville’s theorem |Arn76j which concerns hamiltonian systems. Let 
Hi ,..., Hn be smooth functions on a smooth symplectic manifold let vr : ^ R"" 

be the moment map defined to be tt{x) = {Hi{x),..., Hn{x)). We assume that, for all 
1 < LJ < ''^5 the Poisson brackets {Hi,Hj} vanish. Let c G R” be a regular value of tt; 
we assume that is compact and connected. Then there exists a neighborhood U of 

7r“^(c) and a symplectomorphism from U to vr(C/) x T”" such that, in this new coordinate 
system, the symplectic vector field Xni associated to each Hi is tangent to the fiber {d} xT”. 
It is constant on it and the constant depends only on the fiber. They define quasi-periodic 
motions on each torus. The family of hamiltonian vector fields ■ ■ ■ ^Xh^ is said to be 
completely integrable. 

Nevertheless, completely integrable systems are pretty rare when one looks at problems 
arising from physics and in particular, celestial mechanics. One often encounters small 
perturbations of integrable systems. So, the natural question to be asked is: what can be 
said about these nonintegrable systems ? Do these systems still have invariant tori on which 
the motion is quasi-periodic ? Of course, the perturbation is assumed to be hamiltonian. 

The answer was given almost fifty years ago by the celebrated KAM theorem. It is 
named after its authors Kolmogorov-Arnold-Moser [Ko]541 IKolRTl lArnB.Sal lArnB.Sbl IMos62j . 
Roughly speaking, this theorem states that, if the integrable vector field which is to be 
perturbed is nondegenerate in some sense and if the perturbation is small enough and still 
hamiltonian then there is a set of “positive measure” of invariant tori for the perturbed 
hamiltonian and it gives rise to quasi-periodic motions of these tori. The constants defining 
the quasi-periodic motions of the tori satisfy some diophantine condition. 

Let (0, 1) be symplectic coordinates (angles-actions) of T” x R” (T” denotes the n- 
dimensional torus). Assume that the flow of the unperturbed hamiltonian Hq 

{e = u:{I) 

\/ = 0 

with u}{I) belongs to R” and is such that det(^)(0) ^ (this is the classical nondegeneracy 
condition). Let us consider a small analytic perturbation of Hq\ 

(e = uj{I) + ef{9,I,e) 

\i = eg{e,I,e) 

According to the nondegeneracy condition, for any A: > 1, there is an analytic change of 
coordinates (0, J) such that 


f(/) = uJkiJ) + e’^fki(j),J,€) 

\j = akiJ,e) + e^gk (0, J, e) 

It is defined on some open set in the J coordinates. This is known as the Lindstedt proce¬ 
dure. We shall call this a Lindstedt normal form up to order k. One can get rid of the 
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fast variables (angles) up to any order of the perturbation. Moreover, if we assume that the 
perturbation is still hamiltonian then we have 


{^ = uJk{J) + J, e) 

\ j = e'^gk{4>,J,e) 

The KAM procedure says that Lindstedt normalization process can be carried out “until 
the end” if the slow variable J belongs to some well chosen set: there is a symplectic change 
of coordinates such that, if Jq G R" belongs to this set, we have 

f (^ = (Uqo {Jq) 

1 j = 0 


This shows that the torus T” x {Jo} is an invariant manifold in the new coordinates. We 
refer to |Arn88j [chanter 5]. Moreover, it is required that u)oo{Jo) be diophantine, that is 

3C,iy>0, VQgZ"\{0}, |(Q,o;oo(Jo))| > 

where (.,.) denotes the usual scalar product of and |Q| denotes the sum of the absolute 
values of the coordinates of Q. 

Both the nondegeneracy condition and the diophantine condition have been improved 
bv H. Riissmann |Rus nn. 

A very nice introduction to these results can be found in the exposition at Seminaire 
Bourbaki of J.-B. Bost |Bos86j : it contains a proof of the KAM theorem based on the Nash- 
Moser theorem (see also |Zeh75llM?7^IMi^ l. Other surveys on that topic are EEHHl, 
|Arn76| [appendix 8] and in particular, the book [BHS96j by Broer, Huitema and Sevryuk, 
which contains an extensive bibliography. About Lindsedt expansion, one can consult the 
article |EliM| . 

Since then, a lot of work has been done on that subject. A closely related theme is the 
existence of invariant circles of twist mappings of the annulus |Rus7ni IRus721 lHer831 IHer86l 
IYoc92j as well as the bifurcation of elliptic fixed point (smooth case) |Ohe851 lYoc87j . These 
topics together with their links with celestial mechanics are explained in the books by C.L. 
Siegel and J. Moser |SM71j . by S. Sternberg |Ste69alrste69bj and by J. Moser |Mos73j . 

All this literature is concerned with nonsingular hamiltonian dynamical systems. Few 
results have been obtained in the singular case |Arn61) . 

1.2 Singular complete integrability 

From now on, we shall be concerned with singular holomorphic vector fields in a neighbor¬ 
hood of the origin of C”, n > 2. Let us recall one of the statements of a previous article 
[StoOOj . 

Let g be a /-dimensional commutative Lie algebra over C. Let Ai,..., be complex 
linear forms over g such that the Lie morphism S from g to the Lie algebra of linear vector 
fields of C"" defined by S{g) = is injective. For any Q = {qi,, qn) G 

N"" and 1 < i < n, we dehne the weight aQ^i{S) of S to be the linear form Yl'j=i Qj^jid) ~ 
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Xi{g). Let us set \Q\ = qi + ■ ■ ■ + Qn- Let ||.|| be a norm on the C-vector space of linear 
forms on g. Let us define a sequence of positive real numbers 

cvk = inf I Hag,ill / 0,1 < i < n, 2 < |Q| < 2^| . 

We define a diophantine condition relative to S to be 

MS)) 

k>0 

Let Xji (resp. be the Lie algebra of germs of holomorphic (resp. formal) vector fields 
vanishing at order greater than or equal to /c at 0 e C”. Let (resp. be the 

formal centralizer of S (resp. the ring of formal first integrals), that is the set of formal 
vector fields X (resp. formal power series /) such that [5(5(),X] = 0 (resp. = 0) 

for all g G Q. 

A nonlinear deformation S' + e of S' is a Lie morphism from S to such that e G 
Homc(g, df^). Let $ be a formal diffeomorphism of (C”,0) which is assumed to be tangent 
to Id at 0. We define $*(S + e){g) := ^*{S{g) + e{g)) to be the conjugate of S + e by 6. 
After having defined the notion of formal normal form of S + e relative to S, we can state 
the following 

Theorem 1.2.1. \Stn9dl IStoddj / Let S be an injective diagonal morphism such that the 
condition {uj{S)) holds. Let S + e be a nonlinear holomorphic deformation of S. Let us 
assume it admits an element of Home ^g,0^ (8)c <5(0)^ as a formal normal form. Then 

there is a formal normalizing diffeomorphism $ which is holomorphic in a neighborhood of 
0 in C”. 

Such a nonlinear deformation is called a holomorphic singular completely inte- 
grable system. Let us make a few remarks about this. Assume that the ring {On)^ of 
formal first integrals of S doesn’t reduce to the constants. Then is is generated, as an al¬ 
gebra, by some monomials of C” ( [StoOnj [proposition 5.3.2, p.l63]), Ri G N”". 

These are the resonant monomials. We define the resonant map vr to be the map which 
associates to a point x of C”’, the values of the monomials at this point; that is 

vr : X G C"- ,... ,x^p) G Cs C C^, 

where Cg is the algebraic subvariety of defined by the algebraic relations among the 
x^*’s. The fibers of this mapping will be called the resonant varieties (they may have 
singularities). 

The conclusion of the previous theorem has the following geometric interpretation: let 
id be a polydisc, centered at the origin and included in the range of the holomorphic normal¬ 
izing diffeomorphism. In the sequel, when we say fiber of tt, we mean its intersection with 
D. Our previous result implies that, in the new holomorphic coordinates, the holomorphic 
vector fields are tangent to each fiber over 7r(id), they are pairwise commuting and, when 
restricted to a fiber, they are just the restriction to the fiber of a linear diagonal vector field 
whose eigenvalues depend only on the fiber (see figure IL^ . 
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This reminds us of the classical complete integrability theorem of hamiltonian systems. 
The fibers, which can be regarded as the toric varieties, play the role of the classical tori. 
The flows associated to the restrictions to the fibers of the linear vector fields to which the 
original vector fields are conjugate to, play the role of the quasi-periodic motions on the 
tori. 


, TT ^(0) 

/ 



Figure 1; Singular complete integrability: in the new holomorphic coordinate system, all 
the fibers (intersected with a fixed polydisc) are left invariant by the vector fields and their 
motion on it is a linear one 

1.3 A KAM phenomenon for singnlar holomorphic vector fields 

With respect to what has already been said, the natural question one may ask is the follow¬ 
ing; starting from a holomorphic singular completely integrable system in a neighborhood 
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of the origin of C” (a common fixed point), we consider a holomorphic perturbation (in 
some sense) of one its vector fields. Does this perturbation still have invariant varieties in 
some neighborhood of the origin ? Are these varieties biholomorphic to resonant varieties ? 
To which vector field on a resonant variety does the biholomorphism conjugate the restric¬ 
tion of the perturbation to an invariant variety ? Is there a “big set” of surviving invariant 
varieties ? 

The aim of this article is to answer these questions. Before fixing notation and giving 
precise statements, let us give a taste of what it is all about. 

Let 5 : g ^ be as above. This defines a collection of linear diagonal vector fields 
on C” we shall work with. Let A be a holomorphic vector field in a neighborhood of the 
origin in C”. Let Xq be a nondegenerate singular integrable vector field (in the sense 
of Riissmann). We mean that Xq is of the form 


i 

Xo = ^aj{x^\...,x^p)Sj, ajeO^ 

where the range of the map (ai,..., a;) from (C”, 0) to (C*, 0) is not included in any complex 
hyperplane. 

Then, we consider a small holomorphic perturbation X of Xq. Let us set X = Xq + R^o 
where Rmo is a germ of holomorphic vector field at the origin and of order greater than or 
equal to niQ at that point. One of the difficulties is that there are no natural actions-angles 
coordinates to play with. Nevertheless, we shall construct something similar: we add new 
variables ui,...,Up which correspond to the resonant monomials (which are assumed to 
be algebraically independent). These are the “slow variables”. To the holomorphic vector 
field X in (C”,0), we shall associate a holomorphic vector field X in (C”'*'^,0) where the 
coordinate along is the Lie derivative of the resonant monomial x^^ along X. This 
vector field is tangent to the variety 

S = {(x,n) G C" X CP,| Uj = x^\ j = l,...,p} 

and its restriction to it is nothing but X. We shall say that X is fibered over X. We 
shall conjugate X by germs of diffeomorphisms which preserve the variety S. Such a germ 
will be built in the following way; let d>(x,u) := y = x + U{x,u) be a family of germs of 
biholomorphisms of (C^jO), tangent to the identity at the origin and parametrized over an 
open set U. Let us set v := u + TT{y) — 7r{x) and ^(x,ii) ;= {y,v). The latter is a germ 
of diffeomorphism at (0, b) and tangent to the identity at this point, for any b. It leaves S 
invariant. We shall say the is fibered over <I>. We shall define the notion of Lindstedt- 
Poincare normal form of X of order k as follows: there exists a fibered diffeomophism 
such that 


y = NF^{y, v) + Rk+i{y, v) + rs,fc(y, v) 

V = 'K^{NF^{y,v) + Rk+i{y,v) + rs,fc(2/, t’)) 


Here, [Xq, NF^{y, x)] vanishes on S, Rk+i is of order greater than or equal to /c + 1 and rs 
vanishes on S. 
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If we were dealing with an integrable symplectic vector field Xq, we would require the 
perturbation to be also symplectic. The analogue, in our general setting, is an assumption 
on the Lindstedt-Poincare normal form of X. Namely, we require that 

i 

NF'^iy,v) = Y,a’;{v)Sj{y). 
i=i 

Hence, the Lindstedt-Poincare normal form reads 

X=[y^ T!j=iO^'j{v)Sj{y) + Rk+i{y,v) +rY.^k{y,v) 

\v ='^*{Rk+i{y,v)+ rY.,k{y,v)) 

A perturbation X of Xq which has a Lindstedt-Poincare normal form of this type for any 
k will be called good perturbation of Xq. 

For such a small perturbation, we shall prove that there is a neighborhood U of the 
origin of C"" and there are compact sets of positive 2p-measure belonging to the range of 
the resonant map vr with the following properties: let K be such a compact set, 

• for each b £ K, for each connected component of TT~^{b) D U, X has an invariant 
holomorphic subset of some open set of C"" biholomorphic to the connected component 
of the fiber; 


• when X is restricted to this invariant subset, the biholomorphism conjugates X to 
the restriction of a linear vector field to the connected component of the fiber. 

The germs of the ideas of the proof can be found in the work of Bibikov and Pliss |BP67j 
(see also |Bib79] [chan. 3]) although the authors work with the Poincare-Dulac normal form 
and this leads to an incomplete argument. The authors are concerned with peculiar systems 
of differential equations of the form 

^ = iXjXj + ifj{xi,...,Xn,yi,...,yn) 

^ = -iXjyj-ifj{yi,...,yn,xi,...,Xn) (j = l,...n), 

where = — 1 and the A^-’s are real and uncommensurable numbers. The authors are 
looking for invariant manifolds of the form xjyj = constant, with j = 1,... ,n. 

I would like to thank M. Chaperon, Y. Colin de Verdiere, B. Malgrange, J.-P. Ramis and 
J.-C. Yoccoz for their encouragements. I also thank F. Fauvet and P. Thomas for correcting 
some of my English language mistakes. 


2 Notation 

Let R = (ri,... ,rn) £ (R+)”; the open polydisc centered at 0 G with polyradius R 
will be denoted by Dn{0,R) = {z £ C” | \zi\ < r*}. If r > 0 then iA„(0, r) will denote the 
polydisc L*n(0, {r,... , r)). If Q = (gi,..., qn) £ N"", |(5| = qi + • • • + qn will denote the norm 
of Q. 

Let U be an nonvoid connected open set of C^; then OpiU) (resp. OpiU)) will denote 
the ring of holomorphic functions on U (resp. in a neighborhood of the closed set lA). Let 
/ G Op{U) be such a function, we shall set ||/||w := sup^-g^^ l/(3;)l- 
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, TT 1(0) 

/ 



Figure 2: KAM phenomenon; any fiber (when restricted to a fixed polydisc) over a compact 
set of positive measure is biholomorphic to an analytic subset left invariant by X and 
the biholomorphism conjugates a linear motion on the fiber to the motion of X on the 
corresponding invariant set 
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2.1 Norms 

Let be a nonvoid connected open set of C^. Let us set 

Bu ■■= Op{U) (8)c C[[xi,.. .,Xn]]. 

It is an algebra over C. Let / = /Q(w)a:‘5 be an element of By where the /g’s 

belong to Op{U). We shall set 

f WfqWux'^ e C[[xi,... ,Xn]]. 

QeN" 

The order of such an element is the smallest integer /c G N such that there exists Q G 
of norm equal to k and fq ^ 0; this integer will be denoted by ordu{f). Let k be an integer; 
the fc-jet of / is 

Juif) ■■= E 

QGN",|Q|<fc 

We shall say that an element g dominates / if for any multiindex Q G N”, ||/glitz is less 

than or equal to ||(7g||tz; in this case, we shall write / g. Let R = (ri,..., Xn) G (R^) ; 

let us set 

\f\u,R'-= E \\fQ\\i^B9 = f{ri,... ,rn)- 

QGN" 

We have the following properties; 

fg <u fg, 

f ~<u g then \f\u,R < \g\u,R- 

Let / G Bu such that orduif) > m. We assume that |/|tz,r- is finite for some positive r. 
Then, for any positive R < r, we have 

/ o\ m 

\f\u,R < (^-J \f\u,r (2.1.1) 

SUPz(^UxDr\f{z)\ < |/|w,r. (2.1.2) 

We shall define the set 

nn{U,R) = {f eOn{U)[[xi,...,Xn]] \ \f\u,R<+Oo}. 

Remark 2.1.1 (Important remark). Let x ^^,..., x^ be a finite number of (nontrivial) 
monomials ofC^. Let T, be the submanifold o/C” x defined to be 

S = {(x,n) xQP \ui = x^* i = l,...,p}. 

Let f{x,u) = Ylq&f^ fQ{xi)x^ be a holomorphic function on -0^(0, r) x Dp{b,r') which is 
assumed to intersect S. We shall denote by /|s the function obtained by replacing 
each monomial by Ui- If \b\ + r' < we have 

l/|slDp(b,r'),r < \f\Dp{b,r'),r- 

This is due to the fact that 

\\ui\\Dp(b,r') < \b\+r' < = \x^*\Dpiby),r- 
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2.2 Spaces of vector fields and spaces of functions 

Let us set some notation which will be used throughout this article. Let A: be a positive 
integer: 

• denotes the C-space of homogeneous polynomial vector fields on C"" and of degree 

k, 

• denotes the C-space of polynomial vector fields on C”, of order > m and of 
degree < k {m < k), 

• denotes the C-space of formal vector fields on C"' and of order > A: at 0, 

• denotes the C-space of germs of holomorphic vector fields on (C"", 0) and of order 
> A: at 0, 

• denotes the C-space of homogeneous polynomials on C” and of degree k, 

• On denotes the ring of formal power series in C”, 

• On denotes the ring of germs at 0 of holomorphic functions in C"". 


3 Normal forms of vector fields, invariants and nondegener¬ 
acy 

3.1 Normal forms 

Let X £ X^ be a formal vector field of C”' and s its linear part (assumed not to be zero) at 
the origin. 

Definition 3.1.1. X is said to he a normal form if [s,^] = 0. 

Proposition 3.1.2 (Poincare-Dulac formal normal form). lArnSlT^ Let X belong X^ 
as above. Then there exists a formal diffeomorphism vanishing at 0 and tangent to 
identity at this point such that 


^*X = s + N, [s,iV]=0; 
where N is a nonlinear formal vector field. 

This means that we can find a formal change of coordinates in which X is transformed 
into a normal form. In general, the normalizing diffeomorphism is not unique and diverges. 

3.2 Invariants and toric varieties 

Let g be a complex /-dimensional commutative Lie algebra. Let 5 : g —> be a Lie 
morphism from g to the Lie algebra of linear vector fields of C^. It is assumed to be 
injective and semi-simple. This means that we can find a basis {^i, ... ,gi} of g such that, 
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for each index i, S{gi) is a linear diagonal vector field of C"" and the family 
is linearly independent over C. Let us define 

Of = {fGdn\ygG3,Csig){f) = o}, 

= {YGX^\yge2,[Si9),Y]=o}, 

to be the ring of formal first integrals of S and the formal centralizer of S respectively. 
Here, Cs(g){f) denotes the Lie derivative of / along S{g). 

3.2.1 Weights, weight spaces of the morphism S 

The morphism S induces a representation of g in defined to be Pk{g)p = [<5(5)iP]- The 
linear forms aq^t := {Q, A) — Xi, \Q\ = k are the weights of order k of this representation. 
There is a decomposition of "Pf into direct sums of weight spaces of this representation: 

a 


where 

{'Pn)^ = {p e Pf I Vc/ G g, [S{g),p] = a{g)p} / {0} 

denotes the a-weight space associated to the weight a. The set of nonzero weights of S 
into Pf’”* will be denoted by Wn^. We refer to our previous article [StoOOj [Chapter 5-The 
fundamental structures- p.158-168] for more details about this topic. 

Let ||.|| be a norm in g*. We define the sequence of positive numbers 

0Jk{S) = inf |||a||, for all nonzero weights of S into P^ ^ | . 

3.2.2 Toric varieties 

If 7 ^ C, we know from [StoDOj [nron. 5.3.2] that there exists a finite number of monomials 
,..., such that 

Of = C[[x^i,...,x«-]]. 

Moreover, ^ is a Of-module of finite type. Let us define the map 

vr : X G C"- 1-^ G C^. 

Let Ctt denote the algebraic subvariety of defined by the algebraic relations among the 
monomials x ^^, • • •, x ^^: 

Ctt = {u G I P{u) = 0, VP G C[ui,... ,Up] such that P{x^^, ■ ■ ■, x^^) = 0}. 

It is well known that such a variety is a toric variety. In fact, there is an action of the alge¬ 
braic torus (C*)” on defined by x.u = > UpX^p) whenever u = (rti,..., Up) G 
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and X = (xi,... x„) G (C*)”. The affine variety is the Zariski closure of the orbit of 
the point 1 = (1,... , 1). If 6 G belongs to this orbit, then the set 

Tr-\b) = {x G (C*f |x^i =6i,...,x'^^’ =bp} 

is isomorphic the isotropy subgroup of 1; that is the subgroup G of (C*)"^ defined by 
G = {xG (C*f = 

Let XjT (resp. Xjr) denote the ideal of definition of (resp. X^r (8) On)- Therefore, we 
have an isomorphism ... ,Up]]/X^ ^ defined to be 4).,r{[F]) = X o tt for any 

representative F G C[[ui,... ,Up]] of [X]. We shall also denote by the induced map on 

^C[[ui,..., UpW/Tt^ , for any positive integer k. 

Let R be the p x n-matrix which rows are the exponents of the monomials defining tt: 



Let r be the rank of R. Let M = {rriij) i<i<p he a p x n-matrix and let k be smaller than 

l<_ 7 <n 

or equal to min(n,p). Let / = {X < • • • < ik} (resp. J = {ji < ■ ■ ■ < jk}) be a set of 
increasing integers of [l,p] (resp. [l,n]). We shall say that both I and J are k-sets. We 
shall write Mjj for the matrix Mjj = 

Proposition 3.2.1. Let r be a positive number and let Dr be the polydisc centered at the 
origin of C” with radius r. Let X = {x G C” | xi • • • x^ = 0} he the union of the coordinate 
hyperplanes. Let Dr\H be the set of points of Dr not belonging to H. Then, 

1. Dr\H is an open connected set of C”, 

'^\Dr\H is of constant rank equal to the rank of R. 

Proof. The first point is classical since H is of complex codimension 1. Let k he a positive 
integer smaller than or equal to min(p, n) and let / = {zi < • • • < ik} (resp. J = {ji < 

• • • < jk}) be a set of increasing integers of [l,p] (resp. [l,n]). Let x G Dr\ F[. We have 

/ -rF \ 

(D.(x))„ = (.,,— 

j&J 

According to the multilinearity property of the determinant, we obtain 

Xji ■ ■ ■ det(X7r(x))/,j = det {rj^iX^) = x'^u • • • x^*k det {rij)i^i . 

ieJ ieJ 

Since the zero set of Xjj • • • xj^, (resp. x^i ... ) is included in H then, for all x G Dr\H, 

the determinant of {D'k{x))i^j vanishes if and only if the determinant of Rpj does. Let s 
be the rank of R. Then, for all positive integers s < t < min(n,p), and all f-sets /, J, the 
determinant of Rpj vanishes; thus, so does det(X7r(x))7,j. Moreover, there are s-sets I, J 
such that the determinant of Rj^j is not zero; thus, det(X7r(x))/^j ^ 0. As a consequence, 
the rank of 7rDr\H is equal to the rank of X. □ □ 
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Let us recall the rank theorem; 


Theorem 3.2.2. }(Jhi89^ h.S07J Let D be an open connected set in and let f : D ^ 
he a holomorphic map such that rankzf = r for all z G D. Then, for any point a £ D, there 
exists a neighborhood U of a in D and a neighborhood V of f (a) in such that: 

1. f{U) is an r-dimensional complex submanifold in V, 

2. there is an r-dimensional complex plane L passing through a such that f maps biholo- 
morphically LCiU onto f{U). 

We may apply this result to our situation: vr is of constant rank s on \ H; therefore 
for any point a & Dr\ H, there is a neighborhood Ua of a in Dr \ H such that TT{Ua) is an 
r-dimensional submanifold of C^. 

3.3 Nondegeneracy of vector fields 

Prom now on, we shall assume that the resonant monomials , • • •, are 
algebraically independent. 

Definition 3.3.1. • A formal map f : is a l-tuple of formal power series of 

CP. 

• A formal map f : QP —> C* is said to he nondegenerate (in the sense of Riissmann) if 
for any nonzero c = (ci,..., q) G C*, < c, f >:= ^jfj doesn’t vanish identically. 

Remark 3.3.2. If the k-jet, J^{f), of a formal map f is nondegenerate, so is J^~^’^{f). 

Lemma 3.3.3. Let F = (Pi,..., Fi) : be a formal map such that for all 1 < i < I, 

Fi G O^. The following statements are equivalent: 

1. F : C” —> C* is a nondegenerate formal map, 

2. cj)'f^{F) : CP —> is a nondegenerate formal map. 

Proof. There is a formal power series F of CP such that F o n = F. Since the resonant 
monomials are algebraically independent, < c, P >= 0 if and only if<c, P>=0. □ □ 

Definition 3.3.4. A holomorphic vector field will be said to be nondegenerate 

if the map (ai,..., a/) is nondegenerate. 

3.4 Fibered vector fields and diffeomorphisms along vr 

Let S be the graph of vr; that is the algebraic subvariety of C” x CP defined by 

S := {(x, u) G C” X CP \ Ui = i = 1,... ,p} . 

Let Z// be an open set in CP and let / be a holomorphic function over Pn(0, r) xU which 
vanishes as well as its derivative at x = 0. It can be written as 

f{x,u)= fQiu)x^. 

QeNj 
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Moreover, it can be written also as 

QGN" 

where the sum ranges over {0} together with the set of Q G for which is not divisible 
by any Two such series / and g will be said equivalent modulo S if 

fQix^^u) = gQ{x^,u) on S. 

We shall denote [/] (or f) the equivalence class and write it as the series 

f := [/] := 

where [fQ{x^,u)] denotes the equivalence class modulo S of fQ{x^,u). Let 

n p 

X = y^Xjd/dxj + Xkdjduk 

i=l k=l 

be a holomorphic vector field on L>n(0,r) x U. We shall define [X] (or X) to be 

n p 

X := [X] := Y,[Xi\d/dxi + ^[Xk]d/duk. 

i=l k=l 

Definition 3.4.1. The restriction /|s of f to H is the formal power series defined to be 

/|E := Y1 

QGN" 

where the sum ranges over {0} together with the set of Q ^ N” for which x^ is not divisible 
by any x^*. 

Let X be a holomorphic family over U of holomorphic of vector fields in a neighborhood 
V of the origin in C"'. We mean that 


X{x,u) = Y^Xi{x, 


u 


2=1 


A 

dxj 


where the Xj(x,n)’s belong to On{V) (8)c Op{U). 
Let us set 


't Pi p Pi 

X(x,u) := (X,7r^X)(x,u) = Y,Xi(x,u)— + Y,X(x^f^)(x,u )-—. 

i=l k=l 


As usual, X{x^’‘) denotes the Lie derivative of x^'^ along X, namely: 


X(x'^'')(x,u) 


n 

= '^Xi{x,u) 
2 = 1 


dx^>c 

dxi 
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The vector field X will be said to be fibered over vr (with respect to X). One of the 
features of X is that it is tangent to S and its restriction to it is precisely the vector field 
X(7r(x), x). 

Let be a holomorphic family over U of germs of holomorphic diffeomorphisms of 
(C"^, 0) tangent to identity at 0 in C^. We shall write 

<h(x, u) = X + (j){x, u), 

where cj) belongs to Op{U) ® Xin- Let us set 

$(x, u) := (^(x, u),u + (7r(<h(x, u)) — vr(x))). 

If b belongs to U, then $(0,6) = (0,6). Moreover, $ is tangent to identity at that point. 
Thus, it is a local diffeomorphism at (0,6). The diffeomorphism X will be said to be 
fibered over tt (with respect to $). It leaves the variety S (globally) invariant. In fact, 
if u = 7r(x) then 

$(7r(x),x) = ($(7r(x), x), 7r($(7r(x), x)). 

In the sequel, pri (resp. pr 2 ) will denote the projection onto C” (resp. C^). 

Lemma 3.4.2. If both X and $ are fibered over n (with respect to X and $ respectively) 
then so is Moreover, the restriction o/$*X on S does depend only on the restrictions 

of X and $ to S. 

Proof. In fact, we have 

^^X{y,v) = D^{x,u)X{x,u) 

= {Dx^{x, u)X{x, u) + Du^{x, ri)7r*X(x, u), 

Dj,(7r($(x,rt)) - tt{x))X{x,u) + D„(tt + 7r($(x, rt)))7r*X(x, rt)) . 

But precisely, the quantity 

Z)a;(7r($(x, u)) — Tr{x))X{x, u) + Du{u + 7r($(x, u)))7r^X{x, u) 


is equal to 

D7r($(x, u)) {Dx^{x, u)X{x, u) + Du^{x, rt)7r*X(x, u)) . 

It is sufficient to prove this with X = (/(x^, u)+fY:{x^, u))x^d/dxi and {y, v) := $(x, u) 
with 


y = x + x^{g{x^,u) + gT.{x^,u))d/dxi 
V = u + T^{x + x^ {g{x^ ,u) + gY.{x^ ,u))d/dxi) — tt{x)). 

Here, we assume that neither x^ nor x^ are divisible by any x^*^. Moreover, both /s and 
gY, belong to the ideal generated by the x^'' — ttfc’s. Let us set 


{y,v) 

:= $(x,ii) 

y 

:= X + x^ g{x^ ,u)d/d 

V 

:= u + 7r(x + x^5'(x^. 

Y (x, u) 

:= f{x^,u)x^d/dxi. 


7r(x) 
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The previous computation shows that 


d 


pri{^^X{y,v)) = D^^{x,u){f{x^,u) + fT.{x^,u))x^{—) 

p 

+Du<^{x,u)(^{f{x^,u) + h{x^,u))x^ 
k=l 


dx^*= d , 
dxi duk' 


Let us write g-£(xi^,u) — “ Uk)g'E,kix^,u). Let us define the differential operator 

dg{x^,u) dg ^ dg , r n 

—Ji- •= + ,u) 

OVk Otk OUk 

where g{x^,u) = Tr^{g{t,u)). Then, we obtain 


pri{^^X{y,v)) = 


X 


X 

k=l 

„R 


dg{x^, u 
dvk 


+ E 


-RtTT _ r> I 

vL UjYi 


^gTi,m(x^,u) A dx^^ 


m=l 


dVk 


dxi 


dx^ 


+{g{x^,u)+g^{x^,u))-^ + l 


{f{x^,u) + h{x^,u))x^-^. 

^Vi 


This is due to the fact that ^ integers 1 < k,m < p. As a consequence, 

if {x,u) belongs to S, then {y,v) = {y,v). Moreover, we have 

pri{^^X{y,v)) =pri(T*y(y,u)). 


□ 


□ 


3.5 Lindstedt-Poincare normal forms of fibered vector fields along vr 

Let X = si(x) + R{x) be a germ of vector field in a neighborhood of the origin in C"" 
which is a nonlinear perturbation of the polynomial vector field si = ^ ^•^1 Oj (x^)S'j. Let 
us assume that the order mo of R is greater than the degree of si(x). 

Let U be an open set in C^. Let Y{x,u) be a family, over U, of germs of vector fields 
of C”, whose restriction to S is equal to X. It is required that Y{x, u) = si(x, u) + R{x, u) 
where si(a:,ri) is defined to be and where R{x,u) is nonlinear (in x). We 

define the holomorphic vector field X on an open set of C” x to be 

X{x, u) = (Y{x, u),tt^Y{x, u)) = ( si ( x , u) + R{x, u),Tr^R{x, u)). 

Lemma 3.5.1. Let U{x,u) (resp. s{x,u)) he a representative, overU, of some nonlinear 
vector field (resp. si{u,x)). Then, the class of the Lie bracket 

[s{x,u),U{x,u)] depends only on the classes [s] and [U]. Moreover, ifU{x,u) belongs to 
a-weight space of S then so do U and [si{x,u),U{x,u)]. 
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Proof. It is sufficient to prove this for U{x, u) = b{x, u)x^-^ and s{x, u) = X]j=i hj(x, u)Sj 
where dj = aj{x^, u) + aj^-s{x^, u) and b = b{x^, u) + b-s{x^, u). We have 

i 


[s{x,u),U{x,u)] = djb 

i=i 

i 

+E 

jr = l L 


Sj , x^ 


A 

dxj 


jSj,'^bx^ 


k=l 


-bx^^S- 

dxi^ 

dx^*= d 
dxi duk 


Since the x^'^’s are common first integrals of the Sj^s, we have Sj{b) = 0. This leads to 


fSj,'^bx^ 


k=l 


dx^^ d 
dxi duk 


' 'i is 

’ i 8xt ) duk 


E 

k=l 

7 qOx^'^ ddj 
dxi duk ^ 


It is then sufficient to show that the class of 


R .= A + V A = V a!! ( A r R 

rlnf; B'r.; fhi.,. Flnr.: \ r)iu. ’ 


dxi duk ^ 9xi V'9^'fc 


u, 


depends only on the class of dj. Let us write “ Um)aj,Y:,m- Since 

d{x^^ — Umfjdvk = 0, we have 


ddj{x^,u) daj{x^,u) ^ ^ ^ 

m=l 


dvk 


dvk 




9a,' 


R 


dvk 


which ends the proof. 

Let us assume that U belongs to the a-weight space of S. According to the previous 
computations, we have 

p 


[Sk,U] = [Sk,U] + Y,SkiU{x^-)) 


d 


dUr 


m=l 

The result follows from the equality Sk{U{x^^)) = [5fc,t/](x^™) = a{gk)U{x^^). 

□ □ 


Definition 3.5.2 (Lindstedt-Poincare normal form). The fibered vector field X over 
TT with respect X is said to be normalized up to order m along E, if there exists an 
open set Um and a fibered diffeomorphism <I> over Um sueh that 

^*X = NF'^ + Rm+i + 

where Rm+i is a fibered veetor field with respeet to a vector field of order greater than or 
equal to m + 1. The veetor field NF'^ eommutes with si{x,u) and does not depend on the 
choiee of a representant of X. 

The vector field X is said to be Lindstedt-Poincare normalized up to order m if 
one of its fibered veetor field X is normalized up to order m. We shall also say that the 
restrietion NF'^^y. is a Lindstedt-Poincare normal form up order m of X. 
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Lemma 3.5.3. If sq is nondegenerate then X admits a Lindstedt-Poincare normal form 
up to any order. 

Proof. Let us assume that X is normalized up to order m and let us write 

priX = NF^{x,u) + Rm+iix,u) + rs(x,u) 


where u belongs to an open set Um- Let us make a change of variables of the form 

y\ _ f X + U{x,u) 

vj \u + Tr{x + U{x,u)) — 7r{x) 

On the one hand, we have 

^,X = X + [fL,X] + ^[W, [kL,X]] + • • • . 

On the other hand, vanishes on S as well as 




pri 




i 


[si(x, u), W^j - Wu(aj(u))Sj + [NF^ 
i=i 




d 




2 = 1 


^W^(NFn 

2=1 


_d_ 

dxi 


Here, Wu (resp. Wx) stands for 7r(x + C/(x, u)) — 7r(x) (resp. U). Let Bm+i denote the sum 
of the projection of i?m+i onto the weight spaces associated to weights of degree m + 1. 

Its restriction to S doesn’t depend on the choice of the representative Rm+i- 
Therefore, if U is of order greater than or equal to m + 1, we may write 

pri = NF^{y, v) + {y, v) - [si{y,v),U] + R„,+ 2 {y,v) + r'j^{y,v), 


where the vector field Rm+ 2 iy, v) is of order greater than or equal to m + 2. 
For any weight a of 5 in let us set 

i 

Aa := '^aj{u)a{gj). 


Since si is nondegenerate, if a is nonzero then doesn’t vanish identically. For if it did 
then the image of map (oi,..., a^) would be contained in a complex hyperplane. Let Um+i 
be the complement, in Um, of the zero set of the H^’s where a ranges over the set of nonzero 
weights of S in For such an a, let us set, for u G Um+i, 


Ua{x,u) 


B:^+\x,u) 

Aa{u) 


and U = Ua- 

a^O 


We have 


i 

[si{x,u),Ua] = '^aj{u)[Sj,Ua] 
i=i 


'^aj{u)a{gj) 

\j=i 


Ua = B 


m+1 

a 
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Hence, we have 


pn (^^^X{y,v)'^ = NF^{y,v) + B^+^{y,v) + Rm+2{y,v) + r'-s{y,v). 

Let us set 

NF^+\y,v) := NF^{y,v) + B^+\y,v). 

Then, we have 

[si,A^F’"+^] = 0. 

Let X' be another fibered vector field with respect to X and which is normalized up 
to order m. Let us assume that it differs from pri{X) by a vector fields vanishing on S. 
Hence, it can be written as 

pnX' = NF"^{x,u) + Rm+i{x,u) + r-s{x,u). 

Then, will differ from <1>*X by a fibered vector field vanishing on S. 

□ □ 

Definition 3.5.4. The vector field X is said to be a good deformation relative to S if 

X admits a Lindstedt-Poincare normal form of order m of the form 

i 

Y,af{u)S„ 

for any order m greater than or equal to 2. 

Remark 3.5.5. Let us expand the meaning of this definition. In coordinates, the vector 
field can he written as 


dxi 

dt 


I 'y '' Ojj I T Rnj+l,i(2^) T 

/ 


duk 

dt 


Rm+i,iix^'°) + r's,i(x^'=), 


where i ranges from 1 to n and k ranges from 1 to p. It is a perturbation of order greater 
than or equal to m + 1 (in x) of the “integrable”-one along T, 


dxi 

dt 

duk 

dt 


j Xi + rT.,i 


where i ranges from 1 to n and k ranges from 1 to p. The Uk’s are to be thought as the 
actions (the “slow variables”) whereas the nonresonant monomials x^ are the funetions of 
the “fast variables”. 


20 



4 Main results 


Let g be a complex Z-dimensional commutative Lie algebra. Let S : g ^ be a Lie 
morphism from g to the Lie algebra of linear vector fields of C”. It is assumed to be 
injective and semi-simple. This means that, up to a linear change of coordinates, there are 
linear forms Ai,..., G g* such that for all G g, 


S{9) = '^Xi{g) 

i=l 



In the sequel, {gi ,...,(/;} will denote a fixed basis of g and we shall set Si = S{gi). The 
family is linearly independent over C. We shall denote by WnlT the set of nonzero 

weights of S in Vn"^', that is the set set of nonzero linear forms YH=i QjXj{g) — A* ( 5 ), for 
which (( 71 ,..., Qn) G N”, 1 < i < n and k < qi + ■ ■ ■ + qn < m. We assume that the 
ring of formal first integrals is not reduced to C. We recall that , • • • > 

where are monomials of C”. We shall assume that they are algebraically 

independent. 

Let X G be a germ of vector field of (C”, 0) vanishing at the origin and which linear 
part belongs to 5'(g). Let us assume that Af is a good perturbation of order mo + 1 > 2 
of a nondegenerate vector field 

i 

i=i 

where the a^’s belong to O^. We shall write a = (oi,..., a/). Hence, its Lindstedt-Poincare 
normal form, at each order m > tuq, is of the form 


i 

NF^{x,u)=Y,aT{u)S,{x), 

i=i 

where the a™’s are holomorphic functions on some open set Um of C^. Moreover, X — Xq 
is flat up to order mo at the origin. 

Let uj = {wfcjfceN* be a sequence a positive numbers such that 


• Wfc < 1, 


* ^k+l — ^ki 

• the series Ylk>o ~ converges. 

Such a sequence will be called a diophantine sequence. 

Let /9 be a sufficiently small positive number less than 1/2. Let /C be a nonvoid compact 
set of 7 r(Il„( 0 , p)). Let 7 be a positive real number and less than some 7 '. We define the 
decreasing sequence {/Cfc(Af,/C, w, 7)}fceN of compact sets of 7r(iA„(0, p)) as follows: 


ICo = /C, 


/Cfc = nG/Cfc_i|VaG>V, 
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Theorem 4.0.6. Under the assumptions above, let uj be a diophantine sequence; let 1C and 
7 be defined as above. If mo is large enough and if the set ICcxi{X,IC,uj,'y) := HfceN'* 
nonvoid then, for any b e /Coo? 

1. the sequenee {NF'^{x,b)} converges to a linear diagonal veetor field 
NF{x,b) = T!j=iaj{b)Sj{x), 

2. there is a biholomorphism of analytie subsets of open sets in C”, 

Qt : 7^-\b) n Do{p) ^ Vt C 

which conjugates the restriction of NF{x,b) to TT~^{b) Cl Do{p) to the restriction of X 
to Vb- 


As a consequence, X is tangent to the toroidal analytie subset Vt; its restriction to it is 
conjugated to the restriction to the toric analytie subset TT~^{b) n Dn{0,p) of the linear 

diagonal vector field Yl^j=idj{b)Sj. 

Definition 4.0.7. Let u> = {iOk}k>i be a diophantine sequence and po be a positive integer. 
We shall say that S is strictly diophantine relatively to {uj,po) if 


lim 

/c—>+oo 



+ n + 1 


n+l 



= 0 . 


Theorem 4.0.8. Let 1C be a compact set of TT{Dn{0, p)) of positive 2p-measure. Assume that 
S is strictly diophantine relatively to the sequenee {to = po) where po is the index 

of nondegeneracy of Xq with respect to K (see seetion 9.1). Then, under the assumptions 
of theorem \4.0.6[ /Coo is nonvoid and has a positive 2p-measure. 

The definition of strict diophantineness is derived from Riissmann assumptions in his 
work on KAM theory in the svmDlectic case |Rus nn. It should be noticed that, in the 
hamiltonian situation, the numbers uJk{S) don’t appear in the condition since they are 
bounded from below (see for instance IStoOPj [theorem 10.2.1-10.2.2]). 

Remark 4.0.9. Similar statements were announced in IStoOlf . At that time, we made 
the assumption that the formal Poincare-Dulac normal form of the deformation X was of 
the form Yfj a^ Sj, with aj G Of. But, we failed to prove that this assumption implies the 
assumption we actually do on the Lindsedt-Poincare normal form. Hence, the result about 
the holomorphy of the normal form is not proved yet. 


5 Sketch of the proof 

Let A be a fibered deformation of X over a neighborhood of the origin in C^. The global 
mechanism of our proof is to normalize, in the sense of Lindstedt-Poincare, the vector field 
X. To do so, we shall use a slightly modified Newton process. Assuming that X is normal¬ 
ized up to order m, we shall normalize it up to order 2m by a holomorphic diffeomorphism 
of some polydisc D„(0, Rm) x Dp{b, tm), tangent to identity at (0, b). It is also fibered over 
TT. Let us set 

X{x,u) = NF^ + Rm+i+rj^ 
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where NF'^{x,u) = Yl\=i ^m+i is a fibered over a holomorphic vector field of 

order greater than or equal to m + 1 and r-£ is fibered over a vector field vanishing on S. 
Let us write 

6 _ nm+l,2m , 17 

-^m+l — -D + xi2m+l 

where denotes the projection of Rm+i on the weight spaces (of S) of degree less 

than or equal to 2m: 

where the sum is taken over the nonzero weights of the representation of S into the space 
Op{Dp{b,trn)) ® projection of CK-weight 

space. 

In order to normalize X up to order 2m, one is led to solve, for each nonzero weight a 
of order less than or equal to 2m, the following cohomological equation: 

[NF^,U^^^]{x,u) + D^NFm{x,u)D^{x)UmAx,u) = 


where the unknown, Um,a, is to be a holomorphic vector field of order greater than or equal 
to m + 1, belonging to the a-weight space. Let us set 


i 

i=i 


Let Vm be an open set where Am,a doesn’t vanish and assume that b belongs to Vm- On 
this set, we find that 


Um,aiXiU) — Id 


Dr. 


7 -)^+l, 2 m 

r>c^ 


{x,u) 


is the solution of the cohomological equation. The On x Op{{b})-lmeai operator Dm is 
nilpotent of order 2 on Op{{b}) (g) 

Let us set 


Urn = 


E 


u. 




and of degree <2m 


and 


^m = Id+ Urn, ^m{x, u) = {x + Um{x, u),U + 7r(x + Um{x, u)) - 7r(x)) . 


This map is a holomorphic diffeomorphism in a neighborhood of (0, b) and it normalizes X 
up to order 2m. In fact, let us set NF'^^ = NF'^ + Then, 


{^mTX = NF^^ + R2m+1 + r-s 


is normalized up to order 2m {R 2 m+i is of order greater than or equal to 2m + 1 in x). 

We have to control the behavior of the estimates of ^m and {^m)*X when m ranges 
from some integer on. This is the goal of the section entitled “The induction process”. In 
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order to obtain good estimates we shall consider special sets. Let us set m = 2^ and le b 
belong to 


/Cfc := < c e /Cfc-i I Va G 



2 '“-! 


{c)gj 


> J<^k+1 


Let use set 


tm ■— Tt 


Wfc +1 


2lA{2m + !)■ 

Let U be an open connected set of and let r be a positive number. Let / belong to 
Op{U)®C[[xi,...,Xn]]: 




Q 


QeN’’ 


where the /g’s are holomorphic functions on U. We set 

\f\u,r= ^ sup|/Q(u)|r 


IQI 


Q 6 N^ 


u&U 


If / is just a formal power series, then \ f\u,r doesn’t depend on U and is nothing but the 
polydisc norm 

i/k= E i/oH®'- 

QeN" 

We show that the function Am,a{u) doesn’t vanish on Dn{0, Rm) x Dp{b, tm)- Therefore, 
Um,a can be seen as a holomorphic vector field which coefficients are holomorphic functions 
on Dn{0, Rm) X Dp{b, tm)- Moreover, it is of order greater than or equal to m + 1 in x. We 
show the following estimate ('nronosition l(i.2.Tjl : 

let r > 1/2. If \\D{a^{u))\\D^(^f,^^--j < 1, there exists ci > 0 sueh that the solution of the 
eohomological equation satisfies 

\Um,a\Dp{b,tm),r < -1lDp(6,t^),r• 

7 ^k+1 


We should emphasize the role of the ring of invariants O^, the element of which are the 
natural “constants”. The small divisors are no longer complex numbers but rather elements 
of this ring: these are the functions Am,a defined on an appropriate set. 

We assume that 1/2 < r < 1 and that m = 2^ for some positive integer k. We define 
the positive numbers 


Ik = 


Cl 


— l/m 


,2 

4+1 


Ok ■= 1km 


n ; = 


'fc') ^ 


i > 1. 
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If m is sufficiently large, we set 




BTn+i,h{r) 


|x e Op{Dp{b,tm/2)) <s> Vn I \X\D^(b,t^),r < 1 “ 

\Du{X)\Dp[b,tm),r < 1 — ’ 

|x e Op{Dp{h,t^)) ® A'r+i I < ^} . 


We assume that ‘J^njra^ < 1. We shall show the following fproposition 17.0.^ : 

let b belong to JCk-i- We assume X = NF^ + Rm+i + is normalized up to order m 
and that {NF^,Rm+i) G J^iFm,b{'f') x Bm+i,b{'b')- If b belongs to JCk and if m is suffieiently 
large (say > 2^° independent ofr), then 

• RniftXb) X Dp{b^t2m) F X Dpib^tpyi)^, 

. (iVF2-,i^2„^+l) GAA^2m,fe(r5) X 

^2m+l,fo (^5)- 

This proposition is fundamental for the induction process since it enables us to control 
the norms. Moreover, it states that, at each step, there is a “good” thickening neighborhood 
of the toric variety on which the analysis can be done. Its proof is rather long and technical. 

Now, we are able to give a sketch of the proof the existence of the invariants varieties. 
Since the sequence {ujk} is diophantine, we show that the sequence of radii defined by 

Rk+i = dl^k, 

converges to some positive R which can be assume to be greater than 1/2. Let {T^} be the 
sequence of holomorphic diffeomorphisms defined by 

Tfc = l>2fc o Tfc_i. 

The diffeomorphism normalizes X up to order Thanks to our estimates, we show 

that the sequence of inverse diffeomorphisms when restricted to D„(0, p) x 7r“^(6), 

converges (for the compact topology of the analytic set) to a holomorphic diffeomophism 
on 0b on L)„(0,p) x 7r“^(6) (for some well chosen p < 1/2). 

What about the conjugacy problem? By construction, both and X are tangent to S. 
Hence, according to the induction process, we show that the sequence {NF"^}, restricted 
to {Dn{0,p) n 7r“^(6)) X 7r“^(6), converges to a linear vector field 

i 

NFb{x) = '^aj{b)Sj{x). 

By definition, it is tangent to the toric variety 7r“^(6) n Z)„(0, p). Moreover, 0b conjugates 
its restriction to 7T~^{b) n Dn{0,p) to the restriction of X to the analytic set 0b(7r“^(6) n 
Dn{0,p)). That is, X has an invariant analytic subset, namely 0b(7r“^(6)nL)n(0, p)), which 
is biholomorphic to 7r“^(5)nZ)„(0,p). This ends the sketch of the proof of the first theorem. 
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The proof of the last theorem is an adaptation of Riissmann work on KAM theory 
[EiisOl] [part 4]. Its goal is to give a snfficient condition which will ensure that the compact 
set /Coo is not empty. To do so, we shall show that our assumptions are sufficient to ensure 
that each compact set KLk has a positive measure. The main tool is Riissmann theorem 19.1.11 
which can rephrased as follows: given a compact set JC in R”, a neighborhood B of JC and 
a real valued C^°^^-function g on B. Assume roughly that g as well as all its //q derivatives 
do not vanish simultaneously on JC. Then, there is an upper bound for the measure of the 
inverse image of ] — e, e[ by any small (7^°-perturbation of g defined on B] e has to be small 
and the upper bound depends only on g, n, and the size of B relatively to JC. Its proof is 
based on Bakhtin theorem |Ba.k87j . 


6 Solution of the cohomological equation 

Let us set 

Xm := E Op{Um) ® Rm)) 

which is assumed to be normalized up to order m. Let us assume that its Lindstedt-Poincare 
normal form of order m can be written as 


i 

NF^{x,u) = Y,aTiu)Si 

i=l 

with the a™’s belong to OpiUm)- Hence, we have 

pri{Xm) = NF'^{x,u) + Rm+i{x,u) + rs(x,u), 

where Rm+i belongs to Op{Um) ® and where rs denotes a vector field vanishing on 

the subvariety S. 

Let us decompose Rm+i along the weight spaces of S and let us write Rm+i = 

^2m+i where R"*+L2m (x, u) denotes the sum of the projections of Rm+i along the weight 
spaces associated to a weight of degree less than or equal to 2m. We should emphasize that 
m) may not be a polynomial (in x). The vector field R^m+i order greater 
than or equal to 2m -|- 1, with coefficients in OpiUm)- 

6.1 Cohomological equations 

Let X = ^m{y,v) = y + Um{y,v) be a family of holomorphic diffeomorphisms of (C"’,0) 
where Um £ OpiU'm) ® Let be the fibered diffeomorphism over vr associated to 

Here, U'm denotes an open set such that 

R-m) ^ U m) F 0^(0, Rm) ^ Um- 

We shall write {x,u) = ^m{y,v). We have 

D (I.-1) iy,v){^m)*X{y,v) = X 
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Let us write 


pri (^{^m)*X{y,v)^ = NF^{y,v) + B'{y,v)+C'{y,v)+r'-^ 

=■■ Z{y,v)+r'^ 

where B' belongs to C>p(W^)(8)(A’™+^)'^ and C belongs to Opipl'^)®. By assumption, 
we have D'K{x)NFm{x,u) = 0, hence we have the following relations; 

{Id + DyUmiv, v))Z{y, v) 

+DyUm(y,v)D7r(y)(B'(y,v) + C'(y,v)) = NF"^(x,u) + B(x,u) + C(x,u) 

= (NF^ + B)(y,v) 

+D(NF^)(y,v)(^-\y,v)-(y,v)) 

+ - B(y,v)) 

+ (NF^(^-\y,v))-NF^(y,v) 

-D(NF^)(y,v)(^-\y,v) - (y,v))') 

-pri (^D {y,v)r^{y,v)^ . 

Therefore, we have 

C'{y,v) + B’{y,v) - B{y,v) (6.1.1) 

-[NF^,Um]{y,v) 

-DuNFm{y,v)D-K{y)Um{y,v) = -Dy{Um){y,v){B'{y,v) + C'{y,v)) 

-C'{y,v) 

+{B{^;n^{y,v)) - B{y,v)) 
(^NF^{^-Hy,v))-NF^{y,v) 

-D{NFn{y,vm;n\y,v) - {y,v))) 

+D{NF^){y, u)(0, 7T{y + U^) - vr(y) 
-D7r{y)Um) 

-D^Um{y, v)D7r{y){B'{y, v) + C'(y, v)) 

-pn (^D {y,v)rT.{y,v)^ . 

Assuming that both Um, B and B' (resp. C) are of order greater than or equal to m +1 
(resp. 2m + 1), it is straightforward to notice that the right hand side of equation (|6.1.H) is 
of order greater than or equal to 2m + 1 modulo a vector field r'^ vanishing on S. 

Let a be a nonzero weight of S of degree less than or equal to 2m. Let us find a solution 
Um,a belonging to Op{Um) ® of the cohomological equation 

[NF^ ,Um,a\{x,u) + DuNFm{x,u)DTr{x)UmAFu) = B^+^’^^{x,u). 
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Here denotes the projection of a-weight space. Let us write the 

cohomological equation as follows: 




i=i 


^{u)a{gj)^Ura,a{^,u). 

vi=i 


( 6 . 1 . 2 ) 


Let us set 

-^m,a ('^) 

Dm{Um) 

U'L 






i=i 


:= DuNFm{x,u)D7r{x)Um{x,u) = y~] Duafjx, u)DTT{x)Um{x, u)Sj, 

i=i 

• \ ^ I -^m^aiu) 0 }. 


The operator Dm is nilpotent with Dm ° Dm = 0. In fact, since the Lie derivative of (each 
component of) vr along the SiS vanishes, we have 
D'K{x)Dm{Um) = 0. 

Let us set, on 11^(0, Rm) x U'L 


Um,a {x, ll) 



Dm \ Hr^’^"^(x,u) 

-^m,aiu) J ^m,«(^) 


(6.1.3) 


This vector field belongs to OpiU'L) ® T’™+^(Z1„(0, i2m))- First of all, since is of 

order greater than or equal to m + 1, so is ■ Since Am,a{u) is a function of u, 

Um,a is of order greater than or equal to m + 1. 

According to (16.1.21) and the properties of the operator Dm, we have 


[NF^, Urn,a] + DuNFm{x, u)D'K{x)Um,a{x, u) = 


Am,a{x, u')Um,a T BmiUm,a) 


Dm{Bl 


Am,aiu) 


+Br 


Dm{Ba 


j^m+l,2m p) f jym+l,2m'^ 


Am,aiu) 




_ Dm+l,2m 

-^rt/ • 


Let us set Um ■= Um,a, the sum being taken over the set of nonzero weights of S into 

'T>Fn,-\-\. 2 Tn THi 1 

Fn • inen, we have 

[NF^,Um] + DuNFm{x,u)D7r{x)Um{x,u) = 
where ^gj^g^gg j^m+l, 2 m _ 

NF^^{x,u) := NF^{x,u) + B'^^^’^"'{x,u). 
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Then, {^rn)*Xm{y,v) = NF'^'^{y,v) + C'{y,v) + f'-^{y,v) is normalized up to order 2m. 
Here, C'{y,v) stands for a fibered vector field over a vector field of order greater than or 
equal to 2m + 1. The vector field is defined to be 

+ -Hq - ^o|E 

and vanishes on S. 


6.2 Estimate for the solution of the cohomological equation 


We recall that 


i 

NF^{x,u) = 

i=i 


where the a™’s belongs to Op{Um) and where we have m = 2^. By assumption, JCk-i is a 
nonvoid compact set of 7r(L)„(0, p)). Let us define the compact set on 7r(Z)„(0, p)) 


/Cfc = < 6 G Fk-i I Va G 


i 

a I ^aT{b)gj 
i=i 




Let us assume that ICk 7 ^ 0. Let us set 


A := max |Ai(5rj)|. 



{Dp{b, tm)) 


Figure 3: The domain vr ^{Dp{h,tm)) is a thickening neighborhood of the fiber tt ^(6) 


Proposition 6.2.1. Let r > 1/2, and 6 G /Cfc which assumed to be nonvoid. Let us set 

, _ ^fc+i 

™ ■“ ^2tA(2m + l)' 
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//||L)(a”*(?x))||£)p(ft < 1, then there exists a positive number ci such that, for any nonzero 

weight a of S inVff^^’'^^, the solution of the cohomological equation dsn satisfies 


\U, 


m,a\Dp{b,tm),r — 2 , ,2 

I ^k+1 


Cl 


.|^rn+l. 


2m I 


I Dp (6,t77i ),T’ * 


Proof. Let a be a nonzero weight of S into Then there exists a multiindex 

Q = gn*", m + 1 < IQI < 2m and an index 1 < z < n such that 

n 

aig) = aQ,i{9) ~ 

i=i 

On the set Dp{b,tm), we have the following estimate: 


i=i 


— 7 ^ A /o -TTT l“v5iJl- 


4A(2m + 1) j 

Since \a{gj)\ < {2m + l)maxj \Xi{gj)\, then we have, on Dp{b,tm) 

i 

^^k+l 


i=i 


< 7- 


Since b € ICk, then 


^a™(6)a(5j 

i=i 


a 




> 7Wfc+i- 


Therefore, on Dp{b,tm), we have the following estimate 




E“”(“)“(9J 

i=i 


> 


> 


A 7 


l 

E 

— 

1 

- af{b))a(,jj) 

j=i 

^k+l 

9 


i=i 


( 6 . 2 . 1 ) 


( 6 . 2 . 2 ) 


Let us set mr ■= maxi<j<; \ Sj\r\DTT\r. Then, we have 

\DuNFm{x,u)DTT{x)Uni,a{x,u)\Dp{b,tm),r < lpnmr\U\Dp{b,tm),r\\Du{a'^){u)\\Dp{b,tm)- 

By equation (I6.1.3|l . we obtain the following estimate: 

4|^m+l,2m| 


\Um,a\Dp{b,tm),r — 


7 ^k+1 
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Since ujk+i < 1 and 7 < 7 ' then, there exists a positive constant ci such that 


It/, 


m,a\Dp{b,tm),r < 9 , ,2 


Cl 






2m 


This ends the proof of the proposition. 
In what follows, we shall set 


Cl 


7^^fc+i ’ 


Dp ■ 

(6.2.3) 

□ 

□ 


(6.2.4) 


and we may assume that 7 fc < 1 . 


7 The induction process 

We assume that 1/2 < r < 1 and let m = 2^ be an integer greater than or equal to some 
positive integer Nq {Nq is greater than 1 and is to be set in the sequel). We define the 
positive numbers 


/ \ -i/m 

'Ik = i ■= ri-.= eir, z = l,...4, 

Let us set 

A/ Tm,b{'b') = G Op{Dp[b, tjyi/2)) ^ n \ \^\Dp{b,tm),r < 1 ~ , 

Sm+i,b{r) = 


We assume that 2^nfm^ is less than 1. This can always be achieved for m is sufficiently 
large. 

We shall assume that | 6 | +t 2 m < for all f = 1,... ,p. This will enable us to 

apply the remark [2. 1.1 1 

The aim of this section is to prove the following result: 

Proposition 7.0.2. With the above notation, let b G We assume Xm is normalized 

up to order m along S. Hence, we have 

pri{Xm) = NF'^{x,u) + Rm+i + rs 


with 


i 

NF^{x,u) = Y,af{u)S„ 
i=i 
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and where Rm+i is of order greater than or equal to m + 1 and r-s vanishes on S. Let 
be the diffeomorphism which normalizes Xm up to order 2m as defined above. Let us write 

pr.ii^^fiX^) = + rs- 

Let us assume that {NF^,Rm+i) G J^iFm,b{r) x Bm+i,b{r). If b £ Kk and if m is 
sufficiently large (say > 2^° independent of r and b), then 

L RniOXi) X Dp(^b,t2m) F ^rniDniOjI") X Dp{bfirn)fi 

2. {NF^^,R!^^^^)£MF2m,b{r^) X ^2m+l,fe(r5). 


7.1 From estimates on iVF™ to estimates on oF ^ 


As we have seen above, our proposition rests on the assumption that the quantity ||il(a”^)(tt)|| 
is less than 1. Nevertheless, the only quantity which can be easily estimated (in particular, 
through the induction process) is \Du{N as well as |The next 
lemma translates the estimates Du{NF^) and NF^ into an estimate for ||il(a™)||£) (b,tm)- 
By definition, we have, for any integer 1 < i < I, 


n 

Sj — ^ ^ 

k=l 

I 


d 

dxk 


NF^{x,u) = ^af{u)Sj:='^Xkgk{u) 
i=i 


k=l 


d 

dxk 


with 


9k{u) = 

This can be rewritten under the following form 

(9i{u)\ /Ai,i ••• A;^i\ 


u) 


\9n{u)) 


\^l,n • • • ) 


(afi{uy 




We recall that I is less than or equal to n. Since the Sfs are linearly independent over C, 

the matrix {Xj^i)i<i<n has rank 1. Without any loss of generality, we can assume that the 

I<I<i 

matrix 

L := (Aj,i)i<ij<z is invertible with L~^ := (Ajj)i<ij</ as inverse. 

Lemma 7.1.1. Let 1/2 < r < 1 and let rji be a positive number. Let us set rj := 
\NF'^\Dp(b,t^),r is loss than r/r/i and ^ is less than g, then we have 


mayi\\Dua'(p{u)\\Dp(b,t^) < 1 

max \\af{u)\\Dp(b,tm) < Vi- 
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Moreover, we have 


max \\a^^{u) - < 2l\L-^\\NF^^ - 

Proof. We can write, for any integer 1 < j < I, 

l 


M = J2^hk9k{u). 


k=l 


Since r is greater than 1/2, we have 

\\9kiu)\\Dp{b,tm) < ‘^r\\9kiu)\\Dp{b,t„,) < 
As a consequence, we obtain 


max||a™(r/)||B^(fc,t^) < 2l\L \\NF^\D^(^h,tm),r- 


(7.1.1) 


On the other hand, for any integer 1 < k < n, we have 
dNF^ 


I Pi^rn j- 


dUk 


E 


duk 


S,=-.Y,^,G\{u) 


j=l i=l 

As above, for any integers 1 < j < I and 1 < k < n, we have 


A 

dxi' 


daf 


duk 

Therefore, we obtain the following estimate: 
daf{u 




2 = 1 


duk 


< l\L |max||Gi(M)||^^(6,t^) 

Dp{b,tm) * 

< 2/|L"^|max|xiG/(«)|£,p(b,t^). 


< 2l\L 


-ii 


dNF” 


duk 


Dpi^b^t-m ) 


Let us set rj := 21 \l-‘^\ ' assume that | is less than rjrji and 


Dp(b,tm),r 


is less than 1 and 


that \dNF'^/duk\£,^^i,f^)p is less the rj. Then da'F{u)/duk 

maxj p is less than rji. The last statement of the lemma is proved by esti¬ 
mates (17.1. If) applied to — oF instead of a^. □ □ 
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7.2 The image of Dn{0,r) x Dp{b,tm) by and its inclusions 

The aim of this section is to prove the following proposition: 

Proposition 7.2.1. Let 1/2 < r < 1 and let b belongs to JC^- We assume that 


-ii 


max\\D{af)\\n^^k,tm) < 1 max||aj™ - < 2^1^ 

If m is sufficiently large then, for any positive numbers v, v' and v" such that v < 2v' and 
u' + l/Q < u" < 1 and for any integer q = we have 

Dn(Stj'l"q+2) ^ h-)p(b,t2m) C {hDniO, Vq^i') X Dp(b,tm)) 


Lemma 7.2.2. Let q be a nonnegative integer. Under the assumptions of proposition \T.2. 1\ 
and if m is sufficiently large (say m > rn 2 {q)) then, for all 0 < v',v'' < 1 such that 
84:1/” — SGu' > 9, the e-neighborhood of Dn{0, rg+i) x Dp{b, i/'t 2 m) is included in -Dn(0, rq) x 
Dp{b,v''tm) with 

l^k+i 


e = 


24lA{2m + 1)' 


Proof. First of all, let us show that rp — rp+i is greater than e. In fact, since r is less than 
1 / 2 , we have 

Olr - = 9lr{l - Ok) 


1 km r (^1 - 7fcm 


'22 \ p/”* / / 2 2 \ 


> 


/ 2 2 \ P/”* 


,2 


—2plm I _ / 7 ^k+1 


Ijm 


m 


—2/m 


We want to show that, if m is sufficiently large. 


2d 




Ijm 


24plA{2m-\-1) \ci J \ \ci J 

wher we have set d := 'yivk+i- By assumption, the serie 

Incufc+i 


E 

fceN* 


2k 


(7.2.1) 


converges; thus its general term tends to zero as k tends to infinity. By applying the 
logarithm, we conclude that 

/ 2 2 \ 1 /”* 

hm {= 1 . 

fc—>+oo \ Cl } 
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We recall that m = 2^. Therefore, there exists an integer mi = 2^^ such that, for any 
m = 2^ > mi, we have 

/^ 2 X 1 /™ 

( 1 ) 


On the other hand, we have 


j 2 \ i/m 

- ) m-2/™ < 1. 

Cl/ 


Thus, in order to prove inequality (Tmi . it is sufficient to prove, that if m > mi is 
sufficiently large, then 


2d 


< 


m 


— 2plm 


24plA{2m + 1) ' 2P 
Let / be the function of x > 0 defined to be 

f(x) = _ - _ 

^ 24plA{2x + l) 


Cl 


' 2 \ 1 /"* 


m 


—2/m 


+ - l) . 


Since d^/ci < 1 and d < 1, we have, for all m G N* 


2d 


2AplA{2m + 1) 


+ 


m 


— 2p/m 


2P 


— m 

cij 


■2/m - 1 < f{m). 


Since both x and x tends to 1 as x tends to plus infinity, we conclude that /(x) 
tends to zero as x tends to plus infinity. The computation of the derivative of / shows that: 

x^f'{x) = ^ 2(p + 1)(1 — lnx)x“^*'^''“^^/^ + 2/>(l — lnx)x“^^/*^ 


2d 


l2plA{2 + l/xf 
= (1-lnx)x-2p/^(2p-2(p + l)x-2/^)- 


2d 


l2plA{2 + l/xY' 

Therefore when x tends to plus infinity, so does x‘^f'{x), so / is increasing from a certain 
point on and vanishes at infinity. Thus, there is a nonnegative integer mo from which / is 
negative; mo depends only on /, A and p. 

As a conclusion, if m is greater than or equal to m 2 = sup(mo,mi), then 

2d ^ /^ 2 \ (p+l)/m ^_2(p+l)/m ^ P/m ^-2p/m 


Cl/ 


24plA{2m + l) \cij 2 p 

This means than Xp — Xp+i is greater than e. Since 

z/7(4m + 1) + l/(12(2m + 1)) < u”j{{2m + 1)) 
and u>k +2 < ^k+i, we have 


2P 


P''t2m + e < 

This concludes the proof. 


+ 


1 


4m + 1 12(2m + 1)7 21A 

□ 


7^fc+i ^ //, 

< P' tm- 


□ 
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Lemma 7.2.3. Let q be a nonnegative integer. Under the assumptions of proposition \T2.1\ 
and ifm sufficiently large (say m > m 3 ) then, for any 0 < u', 1 /" < 1 such that SAn" — > 

9, we have 


^J^{Dn{0,rq+2) X Dp{h,v't 2 m)) C Dn(0,rq+i) X Dp{b,v''tm). 


Proof. First of all, for any {u,x) G L>n(0, rp+2) x L)p{b,iy't 2 m), we have 
\Umix,u)\ < \Um\Dp{b,u't2m),rp+2 — \^rn,\Dp{b,tm),rp+2 

(nP+2\^^\rr I 

[f^k ) \Pm\Dp{b,tm),r 


< (K 

< (,rt™+l)+2 

< film-''’")"' 

< -rr 


(7.2.2) 


< 


p+2 7"^^i+i 

“k - A~- 

cim^ 


(7.2.3) 


The third (resp. fifth, sixth) inequality is due to the fact that Um is of order greater than 
or equal to m + 1 (resp. less than or equal to 0^, p less than 1). 

Let us set 

M := sup n|i77r(x)|. (7.2.4) 

x&Dn{Q,l) 

If m is sufficiently large (say m greater than or equal to m^, we have 


max(l, M) ( 


2 , ,2 


,2 -i/m\ 7 ^fc+l 


< 


7<^fc+i 


cim^ 24ZA(2m + 1) 
since 00^+1 is less than or equal to 1. On the other hand, we have 


= e, 


\'k{x + Um{u, x)) - 7r(x)| < M\Um{u, x)| 

since the point x + Um{u, x) belongs to i7„(0,1). 

Let us set m3 = max(m2,m2). We can conclude the proof by applying the previous 
lemma to 

^m{u, x) = {x + Um{u, x),U + 7r(x + Um{u, x)) - Tt{x)). 

□ □ 


7.3 Estimates from the induction process 

Let us assume that Xm is normalized up to order m = 2^ along S and let us set pri{Xm) = 
NF"^+B+C+rs where B belongs to Op{Dp{b, and C belongs to Op{Dp{b, i''tm))® 

We assume that NF’^ belongs to MFm{r) and that B + C belongs to Bm+i{r). 
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Let be the normalizing diffeomorphism of the previous section. Let us set y = 
pri^rn{x,u) as well as 

v) = NF^{y, v) + B'{y, v) + C'{y, v) + r'^{y, v) =: Z{y, v) + r'j^{y, v) 

where B' belongs to Op{Dp{b, and C belongs to Op{Dp{b, . 

In order to give an estimate for C', we shall use the following equality: 

C\y,v) = (^NF^{^;;,\y,v))-NF^{v,y))+{B + C)(^^;;,Hy,v))-B\y,v) 

- {Dy{Um){y, v) + D^{Um){y, v)DTT{y)) Z{y, v). 

Therefore, we obtain the following estimate: 

\\C'\\DAb,t,^),r^ < \\NF^ O $-1 - iVT-b,(M 2 ^),r -3 + \\{B + C)o 

+ \\DyiUm){NF^ + B’ + + I^'Id,(M 2^),.3 

+11 (C/m) (y,-y) L»vr (y) (S' + C") 11 Dp (M 2 ^ ) .rs • 

According to lemma E231 we have 


(-C>n(0,r3) X Dp{b,t2m)) C L»n(0,r2) X Dp{b,Ft^). 


Therefore we have 


\\{B + C)o^^ \\Dp{b,t2m),r3 ^ IK-® + C')ll£'p(fe,i^'tm),r 2 ^ I (-® + C*) I Dp ) 

' 7^2 \ m+l 


r2 




( r, r, \ 2+2/m 


m 


—A—Aim 


^ 1 


Let us set z := Um{y,v) = x — y, w := 7 r(y + Um{y,v)) — 7 r(y) = u — v and M' = 
(n + p) max(l, M). For the same reason as above, we have the following estimates: 




ra — 


D{NF^) (y + tz,v + tw) {z, w)dt 


Dp{b,t2m),r3 


P 3 


< \D{NF'^)\p)^(^f,y^^^^p^,M'\Um\Dpib,t2m). 

< M'\D{NF^)\n^^,y,^^ J - (7.3.1) 


cim^ 


< M'\D{NF^)\j,^^,y,^y 


1 


< M'(2Z|L-Kmax|S,'|i + 1/(2Z|L-K))^. 

j 

The second inequality comes from proposition 17.2.21 while the last one comes from the fact 
that, by assumption, 

i 

D{NF^){y,v) = Y,{a,{v)Dy{Sy))+D,{NF'^){y,v). 
j=i 
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In order to get a good estimate for C", we need to give an estimate of \\D{Um)\\Dp{b,i/'tm),r 2 - 
In the next few lines, we shall relate |^(C4i)|Dp(b,!/'*„),rz to 

Let / belongs to Op{Dp{b,t)) 0 Ai'^~^^{Dn{0,rp)). Let us assume that \f\iy {b,t),r is 
finite. It can be written 

f{y,v)= 

m+l<\Q\ 

where the /q’s belong to Op{Dp{b, t)). For 1 < i < n and 1 < j < p, we have 


dVi 


m+l<\Q\ * 


K 

dvj 


E 

m+l<|Q| 


According to Cauchy estimates, we have 


11/q 11 Dp (6,t) < 


\f\Dp{b,t),r 


Hence, 


df 


dyi 


Dp{b,t),rp+2 


< 


< 


l/lDp(fe,Lv 

rp +2 

\f\Dpib,t),: 

rp +2 


E 4^) 


Q 


m+l<|Q| 

■ Z] 

m+l<|Q| 


k • 


The number of monomials of order k in n variables is equal to jg jggg 

than or equal to {2k)'^/n\ ii k >n. In this case, we have 


E 

|Q|>m+l 


S E 

g>m+l 


{ 2 q)^+^el‘^ 


n\ 


If m is large enough, {2q)'^~^^9l/nl is less than or equal to 1 when q > m + 1. In fact, we 
have 


(2qr+'el/H< < 


< 


/ n + 1 \ („+i)/in6»fc 

n! \ ln0fc y ^ 

2^+1 m{m + 1) 

n! 21nm + ln(c/ 72 u;^_i_j^) 




Hence, we have 

As a consequence, we have 

df 


E ^r'< E = J 

\Q\>m+l q>m+l 


Qm+l 


k _ 

- Ok 


dyi 


Qm+l 

— l/lDp(fe,;:),rp (I _ Q \ ' 
Dp{b,t),rp+2 rp+2[i^ t/fej 


(7.3.2) 


38 



Let 0 < t' < t be such that t — t' > e, we have 


Of 


dvi 


= E 

Dp{b,t ),rp 


dfg 


dvi 


Dp(b,t') 


r\Q\ 

p ■ 


By Cauchy integral formula, we obtain 

dfq 


hence 


We recall that 


dvi 

df 


< 


Dp{b,t) 


Dp{b,t') 


dVi 


< 


I/Id, 


{b,t),rp 


Dp(b,t'),rp 

l^k+1 


e = 


241A(2m + 1) ■ 

Since i? + C is of order greater than or equal to m + 1, we have 

I^'Id p{b,t2m),r3 — \B + C\d 

p{b,hm),r3 


< 


1 


m 


6 ■ 


From this estimate and using the remark [2.1.11 we obtain: 

1-^-^ \Dp{b,t2m),r3 — \Dp{b,t2m),r3 \B\Y:\Dp{b,t2m),r3 

< \NF \Dp{b,trri),r + \B \Dp(b,t2m),r3 


1 1 
< 1-^^ + 


< 1 - 


(m)^ mP 
—^ if m > 


Let US set Z := + B' + C. On the other hand, we have 

< n\\DyUm\\Dp{b,t2m),r3 (ll■^lli3p(b,^2m),^■3) 

n(0fcr+' 


< 


< 


^ ~ (2m)3 Il^p(fe.i2m),r’3 


(1 - Ok) 


-\Um\Dp{b,t^),r 


1 


< 


^ (2^ \\C'\\Dp{b,t2m),r3 

‘^n{ek)^-W . 1 , ||W|| \ 

m2(l - Ok) V (2m)3 ^ \\Dp{b,t2m),r3J ■ 


(7.3.3) 


(7.3.4) 


39 
































The last inequality comes from the fact that \Um\Dp{b,tm),r i® 1®®® than or equal to 7 ^ ^ as 
well as 0™ = Let us show that, if m > m'l is sufficiently large, then we have 





Cim^ 


> Ok- 


(7.3.5) 


2 2 

Since < 1, we have 

Cl — ’ 


1 - 




cim^ 


> 1 — m 


-21 


as well as 


m 


— 2/m 


Cl 


— llm 


V7^^fc+i 


m 


— 2/m 


Therefore, it is sufficient to show that: 


I _21 

1 — m > m 


— 2lm 


For that purpose, let / be the function of the real variable x which is assumed to be greater 
than or equal to 2 and defined to be 

f{x) = 1 - x-2 - x-2/^ 

We have x^f'{x) = 2x“^ + 2(1 — In x)x~‘^l^. Since x‘^f'{x) tends to minus infinity as x tends 
to plus infinity, the function / is decreasing from a certain point on. But since /(x) tends 
to zero as x tends to plus infinity, / is positive from a certain point m 3 on. Therefore, if 
m > m'l > m 3 , then 

^ 2 nci 2 + 2 /m ( 
m 2 (l - Ok) ~ 


^k+l 


Cl 


< 


2n 


m^ 


As a consequence, if m is large enough, we have 

( 2 ^ 71)3 \\^'\\Dp{b,t2m)X3 

Using emu, we have 


(7.3.6) 


\D,{U^)Dt:{x){B' + C')\\ 


Dp{b,t2m),r3 


< ^lu, 


TTi I Dp (^b,tm ) 


\B' + C'\ 


Dp{b,t2m),r3 


< 


< 


2ApMlA{2m + 1 ) 0 ^^”*^^^^”^ 

ju^k+i 

X (l/m® + \\C'\\Dp(b,t 2 m),r 3 ) 
72pMlA 


c: 0 
m^Ci 


l^^^k + l (l/m,® + \\C'\\Dp(b,t2-m.)X3) ■ 
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Since B' is of order greater than or equal to m + 1, we have 


(m+1 

72/A7'u;E+i 


< € df. \B \Dp(b,t^),: 


< 




Therefore, we have 

-i2m 


72/A7'u;E+i 


rs 


< l/{2l\L-^\) -1/m^ + 


c\m^ 


< 1/{21\L ^1) —l/(2m)^ if > 


3 I 44 /A 75 


We just have shown that NF'^^ G ■N'F 2 m{'r'z)- 
At last, we have 


\\C'\\Dpib,t,^),r, < (l + M'(2Z|L-Vax|5,|i + l/(2/|L-i|)))^ 

2 n / 1 \ 

+ 


+ 


72pMlA 


m-’c 


5^6 


1 


7^Wfc+l (l/m® + \\C'\\Dp(h,t2rr.\ri) ■ 


If m is large enough, we have 


2n ^ 72pMlA 5 5 


9 T 


< 1 / 2 , 


as well as 


A 2n 72pMlA 5 5 

8 m^ m^^Ci 

where A := (l + M'(2/|L“^| maxj |5j|i + 1/(2^|L“^|))). Hence, we have 


2 n 


lie* \\Dp{b,t2m),r3 ^ 


2 n 


m 


2 ■ 
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Using Cauchy estimates with C", which is of order greater than or equal to 2m + 1, we have 


\Dp{b,t2m) 


rs — 


|Q|>2m+l 


^ \\C \\Dp{b,t2m),r3 frc,') 

\Q\>2m+l ^ 

< \\C'\\Dp{b,t2m),r3 

|Q|>2m+l 

\\r<'\\ a2m+l 

^ 11^ IIJ^p(b,t2m),r3“k 

~ 1 

11^/11 Cim ^2m 

— 11^ ll-Dp(fe,t2m),r-3 2 , ,2 ^k 

I ^fc+l 

s IIL- \\Dp{b,t2m),r3 ^2 - ^4- 

Therefore, we have shown that C" G S 2 m+i(?’ 5 ) provided that m is large enough. 


8 Proof of the existence of an invariant analytic set 

Let 1/2 < r < 1 be a positive number and let {Rk}k>o be the sequence of positive real 
numbers defined by induction as follows; 

Rq = r 

Rk+i = where m = 2^. 

Lemma 8.0.1. The sequence {Rk}k>o converges to a positive number and there exists an 
integer ki such that, for all k > ki, Rk > Rki/‘^- 


Proof. We recall that 


Since we have 


_ ( Cl(7?l) 

'Ik I 2 2 

^fc+1 


Rk+i = rlljfiT: 


-2-no 


then, by applying the logarithm, we obtain 

In Rk+i = Inr + 10 ^ - 5 ln(ci/72) X] ^ ^ 

i=l 2=1 2 = 1 

The last two sums of the right hand side are convergent series, so is the first one since uj is 
a diophantine sequence. Therefore, there exists an integer ki such that 


n > 1/2. 


i=ki-\-l 


42 



Thus, \i k > ki then, we have 


Rk=Rk, n > 



□ 


□ 


8.1 The sequence of inverse diffeomorphisms converges to a holomorphic 

map 06 on -D„(0,1/2) x {b} 

Let us assume that X = Xo + Rmq+i is a perturbation of order Mq + 1 = 2^ + 1 of Xq. Let 
X = NF^°{x,u) + RMo+iix,u) be fibered along E over X such that Rmo+i\t. = Rmq+i 
and NF^°{x,u) = Yl’'j=iO‘jiu)Sj{x) = Xo|s- 

We assume that X is a good perturbation of NF^° and that /Coo is not empty. 

Let b G /Coo- Let us assume that 

{NF^°,RM,+i)eAfFMo,ba) X ^m+1,6 (!)• 

As above, we may define the sequence of positive real numbers {Rk}k>Ko^ with Rkq = 1- 
Thus, for any integer k greater than Kq, we have 1/2 < < 1. Let us prove by induction 

on k > iCo, that there exists a fibered diffeomorphism of (0, 6)) such that the 

vector field 

^1{NF^° + Rmo+i) ■= NF^'^' + R 2 k+i+i mod E 

is normalized up to order 2^+^ along E, {NF'^'°'^^ , R 2 k+i^i) belongs to the space MF 21 ^+^,biRk+i) x 
R 2 f^+^+i,biRk+i) and 


||Id-T-i 


\Dp{b,t2MQ)^RKQ + l 


k 

< max(l, M) 

P=Kq 


1 

w 


Here we have set \\-\\Dj,{h,t2MQ)FKQ+i ■ \\'\\Dp{b,t2MQ)xDn{o,RKQ+i)' 


• For k = Kq: according to proposition (| 7 .(). 2 I 1 . there exists a diffeomorphism ^Mq such 
that F^° + Rmq+i) = NF‘^^° + R2MQ+1 mod E is normalized up to order 

2 Mo along E and {NF'^^o, R2M0+1) belongs to MF2Mo,b{RK+i) x B 2 Mo+i,b{RKo+i)- 
Moreover, we have 


Id-$ 


-1 

Mo 


Dp{b,t2Mo)FKo + l 


< \\{UMoMld + UMo) - T^)\\Dp(b,t2Mo)FKo+l 


< max(l,M) \\UMo\\Dp(bMMo)FKo+i 

< max(l, M)/m‘^. 


The last inequality is due to estimate 


• Let us assume that the result holds for all integers les than or equal to A: — 1 : by 
assumptions, the vector field 

{^k-i)*{XF^ + Rk+1 mod E) = NF"^ + i?2fc+i mod E 
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is normalized up to order 2^ along S. Moreover, , i? 2 fe+i) belongs to bi^k) x 

'^ 2 '=+! bi^k)- According to lemma IH.O.ll we have 1/2 < < 1 and h belongs to /Cfc. 

Thus, we may apply proposition (Tfinil : there exists a diffeomorphism ^ 2 *^ such that 
the vector held 

{^ 2 >^k-i)S^F^ + Rm +1 mod S) = + i? 2 '=+i+i mod S 

is normalized up to order 2^^^ along S. Moreover, i? 2 *+i+i) belongs to 

MR 2 ^+~^,b{Fk+i) X i32*;+i+i ;,(i?fc+i). Let us set = ^ 2 '= ° According to the 

hrst point of proposition mrm and estimate (TTriTi) . we have 

l|Id-$fciDp(M 2 .+i)xD 4 o,iJ,+i) < max(l,M)/2^^ 

It follows that 


l|I<i-'I'dllD,(s,v„)A« £ (Id - i'.-i,) o <|.,V + (Id - 


-1 


^-1 




Dpib^t^h+i 


< 


< 


+ 


-1 


' 2*= 


Id-^> 


Dpi^b^t^k+i 
-Dplfejijfc+i ),-Rfe+i 


+ 


Id - 


Dp{b,t^k+l),Rk+l 
k-l 


/ , 1 max(l,M) 

< max(l,M)^—+ ^ 


p=K 

+00 


24k 


< max(l,M)^^. 


p=i 


This ends the proof of the inductive step. 

According to lemma IH.O.ll if R^ = 1, L>„(0,1/2) is contained in Dn{0,Rk) for all integers 
k greater than or equal to K. 

Let us choose a positive number p <1/2 such that, if m is large enough, 

/ \ I 

+ < ( - j , i = l,...,p. 

It follows that Dn{0,p) x {6} is contained in Dn{0, Rk+i) x Dp{b,t 2 k+i). According to the 
previous estimate, the sequence 

{^fc|Dn(0,p)x{6}}^>^^ 

of holomorphic functions is a uniformly bounded sequence (for the sup-norm) of holomor- 
phic maps on Dn{0,p) x {6}. Therefore, according to Montel theorem, we can extract 
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a subsequence which converges to a holomorphic map 0;, on D„,{0,p) x {6}. The set 
0f,(7r“^(6) n Dri(O) p) X {6}) is included in the manifold S. In fact, by construction, 
leaves S invariant (globally), so does as well as 
On the other hand, we have 



Ko<\Q\< 2 '^+^ 


where the iPq’s are vector valued functions which don’t depend on k. This follows from 
the definition by induction of and the fact that U 2 k+i{x,u) is of order greater than or 

equal to 2^+^ + 1 (in x). Anyway, we can write 

T"^i(x,m)= '4)Q^k{u)x^. 

QeN’’ 

Ko<\Q\ 


Let X be a point in Dn{0,p). Let us apply Cauchy inequalities to the ipq's: 

Dp(b,t^k^2),Rk+2 


\^Q,k{b)\ < 

Therefore, we have the estimate: 


- Id 


R 


\Q\ 

'k+2 


Y \'^Q,kib)x^\ < Y 


nh - Id 


Dp{b,t^k+ 2 ),Rk +2 1^1 IQI 


QeN'^ 
2fc+l + l<|Q| 


QeN" 

2fe+i+l<|Q| 


R 


\Q\ 

■k+2 


According to lemma IS.O.IL we have Rk +2 > 1/2 and |x| < 1/2. Thus, the series 

IQI 


E 

^ \Rk+ 2 j 


QeN" 

Ko<\Q\<2'^+^ 


converges. 

Therefore, the series 6) — {x,b)) converges on Dn{0,p) to 

&b{x) — {x,b). Hence, 0^ is a biholomorphism in a neighborhood of the origin in C”. We 
shall denote by Tf, its inverse. It follows that 


Vb:= 0fe(7r-i(6)nL»„(O,p)) 


is a analytic subset of a neighborhood of the origin. 
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8.2 The biholomorphism conjugates the restriction of X on Vb to the 
restriction of a linear diagonal vector field on TT ^(6) n -D„(0,p) 

The sequence of linear vector fields 

is uniformly bounded on Dn{0, 1/2) x {b}. This is due to the second point of proposition 
EOand to the fact that 


NE 


|D„(0,l/2)x{b} 


< 


NF^ 




Therefore, there is a subsequence which converges to a linear vector field 


n 

NFb{x) = y^^ai{b)Si{x). 

i= 

Let us show that the restriction of 'I'b to 14 = 0b(7r“^(5) n Dq{p) x { 6 }) conjugates the 
restriction of X to 14 to the restriction of NFb{y) to the set vr“^( 6 ) n Do{p) x {b}. 

For any point y in vr“^( 6 ) D Dn{0, p), let us set 6 ) = {x,u). By construction, the 

point {x,u) still belongs to S. Moreover, we have 

(T-^)*(iVF2'= + + f|)(x, u) = Xix, u). 


Hence, we have 

X{x, u) = D^-\y, b)NF^\y, b) + D^-\y, 6 )i? 2 ^+i(y, b). 

Since 6 )} converges to 0b(y,6), {iVT^*'(y, 6 )} converges to NFb{y) and {/? 2 '=+i} 

converges to 0, the right hand side converges to DQb{y-,b)NFb{y). Thus, we have, for any 
point y in vr“^( 6 ) n Do{p), 

{eb),NFb{eb{y,b)) = Deb{y,b)NFb{y,b) = X{eb{y,b)). 


9 Diophantine approximations on complex manifold 

The aim of this section is to prove theorem 14.0.81 It gives a sufficient condition that will 
ensure that the compact set /Coo is not empty. One way to achieve this, is to prove that it 
will have a positive measure. This section is an adaptation of the fourth part of Riissmann 
work |Rus nn. 

9.1 The measure of diophantine points of the image of a small perturba¬ 
tion of nondegenerate map is positive 

The main goal of this section is to give an upper bound for the measure of the set of points 
whose values by a perturbation of a nondegenerate map are “small”. 
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First of all, let us set some notation. Let B be an open set in R"", let p be a nonnegative 
integer, and let / G C^{B, R) be a p-times continuously differentiable function on B. If 
X = (xi,..., Xn) G C”, we shall set 

\x \2 ■= H-h |Xn|2. 

Let a be a point in R”, let A; be a nonnegative integer less than or equal to p and let y 
belongs to B. We shall set 

D^f{y){a^) ■■= ll^^/(2/)ll := sup \DPf{y){a,...,a)\ 

aeR",|a|2=l 

as well as 

ll/( 2 /)llp := max \\D^f{y)\\, ||/||b,p = max ||D''/(y)||. 

0 <k<p y£B 

It is known that \D^f{y){ai,... ,ak)\ < ^||L>^/(y)|| (see |Rus01j L First of all, let us recall 
one of the results of Riissmann. 

Theorem 9.1.1 (theorem 17.1 |Rus SH). Let 1C he a compact set R” with diameter 
d = supa- pgyc \x — y\ 2 - Let id be a positive number and let B be the t}-neighborhood of 1C in 
R*". Let g G C'w+i(^,R) be a function such that 

min max ||H‘^gf(y)|| > (3 
yeK. 0<v<uo 

for some /tq G N and for some positive number (3. Then, for any function g G C'^°(i3,R) 
satisfying ||(7 — g\\B,iJ.o — have the estimate 

mesn{y G 1C \ \g{y)\ < e} < Bd^~^ + 2d + ° P~^\\g\\i3,yo+i^ 

for all 0 < € < 2 JJT +2 ^ ~ 3(27re)”'Z^(^o + 1 )^'’’'"^[(a*o + 

Lemma 9.1.2. Let U be a connected open set on C”. Let / : be a nondegenerate 

holomorphic map. Then, for any nonvoid compact set fC <ZU, there is a positive integer pq 
and a positive number (3 such that 

lll(c>/(y))llpo 

for all y in the compact set 1C and all c in the unit sphere 

;= {c G C' I |c |2 = 1}. 


Proof. We have to show that there exists fiQ and /3 such that 


max 

0<k<fLo 


D'^\{cJ)\Hy) 


>P 


for all y in the compact set 1C and all c in the unit sphere 

s' := {c G C' I |c |2 = 1}. 
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Let us assume that such //q and /3 don’t exist. Then, for any positive integer i', there would 
be Cl, G and Uu ^ 1C such that 


max 

0 <k<u 




1 

< 

U 


that is 


Vz. > + l,Va G S^ \d^ (|(c.,/)H {yu){a>^)\ < \\d^\{c,., f)\\y,,) 

Moreover, we have 


1 

< 

V 


^k-i\ 


(|(c„/)|2) {yi,){a^) = ((c,,/)) {yi,){oC)D^-^ {{c^J)) {y,.){a^ 

i=0 

= {ic.,D^f{y.){a% ((c„D^-7'(y.)(a"-*))) . 


i=0 


By compactness, we can extract a subsequence of {{cu,yu)}u>i which converges to (c, y) G 
S7/C. Thus, for any a belonging to S”, the associated subsequence {D^ {\{ciy, /)P) (y!^)(a^)} 
converges to (l(c,/)P) (y)(®^)- According to the previous estimates, (|(c,/)P) (2/)(®^) 
vanishes for all a G Therefore, for any nonnegative integer k, (|(c,/)P) iv) = Oj 
that is, the real analytic function |(c,/)p vanishes at y ^ )C as well as all its derivatives. 
Since U is connected, |(c, /)p vanishes identically on U; that is (c, /) = 0. This contradicts 
the nondegeneracy of /. □ □ 


Let U he a connected open set on C”, f : U ^ a nondegenerate holomorphic map 
and K, dU nonvoid compact set. Let us set 




min max 
3/S?C, 0<k<^ 
ces* 


Ddcffiy) 


Clearly, {/3(|U,/,/C)}^>o is a nondecreasing sequence of nonnegative numbers. According 
to the previous lemma, there exists a positive integer Nq such that P{Nq, f,IC) is positive. 
The smallest of these integers Nq will be called the index of nondegeneracy (of / with 
respect to 1C) and will be denoted by The positive number /?(/,/C) := 

f3{yQ{f,IC),f,IC) will be called the amount of nondegeneracy. 


Definition 9.1.3. Let to = {(jJk}k>i be a diophantine sequence. We shall say that S is 

strictly diophantine with respect to (ti;,^o) if 


lim 

fc—> + 00 


2^= + n + 1 


(n+l) 



2/^0 

= 0 . 


In this case, we shall set 


M. 




:= sup 
k>l 


2 ^ + n + l 


(n+l) 


0 Jk{S)) 


27/^0 


< + 00 , 


as well as 


LOk 

■= sup— 

fc>l ) 
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The next result shows the following: if / is a small perturbation of a nondegenerate 
holomorphic map / from C"" to C*, then the set of diophantine points (with respect to S) 
on the image of / is big in the sense that it has a positive measure. This kind of problems 
(for real maps) is now classical and often called “diophantine approximation on manifolds” 
when the image of / is (at least locally) a manifold. We refer to |BD99j for an up-to-date 
treatment of this topic (see also |KM98] for such a result in the real case). 

We recall that S' : g —> is a Lie morphism from the commutative Lie algebra g. Let 
{< 71 ,... ,gi} be a basis of g. We recall that Wn’^T denotes the set of nonzero weights of S 
into 

Proposition 9.1.4. LetU he a connected open neighborhood of 0 in C”', let f :U ^ be 
a nondegenerate holomorphic map and let 1C CU nonvoid compact set. Let go be the index 
on nondegeneracy of f with respect to 1C. Assume that S is strictly diophantine relatively to 
(w = {a;j}j>i, po)- For any g] 0, dist(/C, C” \ U)[, let C U denote the i)-neighborhood 
of 1C. Then, for any map f G C^“(/C^, C*) such that 


11 / - f\\K^),|lo < 
the measure of the set 

n{f) := < 6 G /C I Vi G N*, Vo G W, 


-||/lk^,Ato + ^/WfW^sWO + 


2^0 




n,* ’ 


a 




> lOJi 


satisfies mes 2 nTL{f) > mes 2 nlC — e* as soon as 0 < e* < mes 2 nlC and 0 < 7 < 7 * with 

\ w /2 


7 = mm 


e*{n - 1 )! 


1 


P 


M ((22 n)^a 2 - (n + l)ai -k ) ’ ^<^,<^(3) y + 2 


where M = Bd?'^ i(^ + 2d + ^)/3 '"o ^ sup^ggi || |(/, c)p|k^,^o+i, 

B = 3(27re)"’(/io + l)^'’+2 _|_ 1)!)“^ and Oj := positive integer i. 

Proof. We have 


nf) 


6 g /C|Vi > l,Va G 


^fjibMdj 


i=i 



In order to estimate mes 2 nLi(/) from below, it is sufficient to estimate 
mes 2 n^ — mes 2 nLf(/) from above. In fact, we have 


mes2nTi{f) = mes2nlC - ymes2n^ - mes2nLf 
2 ^~ ^ - 1 - 12 * 

Let a belong to Wn,* ’ , we set 

i 

{fib), a) :=^fj{b)a{gj) 
i=i 
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as well as 


|a|2 := \/|a(5i)P H-h |a(5/)P- 


Therefore, we have 


K\n{f) = UG/C|3i> l,3aG 


2*-i+l,2* 


such that 


'^fjib)a{gj 


i=i 


< 7‘^i 


= !& G/C I 3i > 1, 3a G such that (/(6),a) < 

|2 


= < 6 G /C I 3i > 1, 3a G yy, 


n,* such that 


m, 


a 


ah 


< 


laU 


Let us set c = |^(a((/i),... ,a{gi)). It belongs to the unit sphere Let us set g{y) = 
l(/(y),c)P as well as g{y) = \{f{y),c)\'^. We have 

Ky)-9{y) = \{hy) - /(y),c)|^ + 2i?e [{cj{y)){cj{y) - f{y))J . 

By differentiation, we obtain for any nonnegative integer i' and for any a in the unit sphere 


D^~g - g){y){an = ^ -/, c)(2/)(a")Z)"-'=(/-/, c)(y)(a'^-") 

A:=0 

+2i?e ( j2 ClD\f, c){y){a'^)D'^-\f - /, c){y){d'-^) 

\k={) 

V _ 

= (o‘(/-/)(!/)(a‘),c) (D''-*(/-/)(!,)(a''-*).c 

A:=0 

+2i?e i^Cl {D'^j{y)[a'^)A - f){y){a’'->^),c 


\k=0 


By Schwarz inequality, we obtain the following estimate for u < yL^: 
\D‘'(g-g){y){a'')\ < ^ V mgJD‘(/-/)(!,){<.'=)|i 

+2 maj max |I)‘(/)te)(o‘)| 2 ) 

0<k<v 0<k<u J 

< 2"(ll/-/llL. + ll/-/lk.,-ll/lk..-) 

< 2^0 (||/-/|lL/.o + ||/-/lk„Moll/lk.,Mo) • 


Therefore, we have 

\\g-g\\K^,^lo < 2'"° (ll/- /llL,w + II/- /lktf,Moll/lktf,M) • 
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Let P{X) = X'^ + \\f\\iCif,^ioX — 21^0+'^ be a polynomial in the real indeterminate X. Its dis¬ 
criminant A = + 2 P§^ is positive. Thns, P has two real roots r± := (-||/|k^,;,o ± 

\/A)/2. The root is positive, whereas r_ is negative. Clearly, P is negative in ]r_,r_|_[. 
As a consequence, 

P 


9 - (11/ - f\\K^,,iio + 11/ “ /Ik^.wll/lk^.w) < 


as soon as 


-||/lk,>,Ato + \/ll/lll:,5,Ato 


||/-/lk,5,M< 

In this case, we can apply Riissmann theorem 19. 1.11 to g: for any e in ]0, 2 fio+ 2 ^^ have 


mes2n{y e A I |(/(y),c)P < e} < 


where 


M = Bd 


2n-l 


^ ^ sup|||(/,c)nk,,,/.o+i 


\^2n 


ces* 


B = 3(27rer(^o + ir+'[(/io + l)!]-'. 


We recall that 

IC\H(f) = be K|3!> l,3a€ w; 

= U U 


such that 


fib), 


a 


\a\2 


< 


Y 

kby 




f{b\ 


a 


\a\2 


2 / \ 2 ' 


< 


\Oi\2 


Let a be a weight in 
to uJi{S), we have 

It follows that 

If 


Since, by definition, maxj \a{gj)\ is greater than or equal 


kb = kk(5i)b H-^ k(5bb > 

-yuJi ycUj 


< 

kb 

1 




7 < 


P 


then 

In this case, we obtain 

mes2n < 6 £ /C 


Muj,uj{S) Y ^^0 + 2 ’ 

P 


luji 


< 


a\2 J 2/io + 2 


/(k, 


a 


a 2 


< 


7 ^i Y 

kb / 


< M 


7^» 

kb 
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so that 


mes2n}C\n{f) < ^ ^ 

^ ^ . V «2 


i>l _,.,2»-l + l,2* 


Since Wn 


we have 


is isomorphic to a subset of 

{(Q, j) G N” X {1,..., n} I + 1 < IQI < 2*} , 


mes..x:\H(/)<Mj: 1 El 

i>l QGN" \j=l y V 

\2*-i+l<|Q|<2' / 


Let US set 


Z.:= 1. 


QGN" 

0<|Q|<2* 


It is well known that 


^ (n + 20(n-l + 20---(2- + l) ^ 


We have 


E! ^ — Zi — Zi_\. 


2»-l+l<|Q|<2» 

The previous estimate can be written as 


mes 2 nA: \ ni f) < 7^0 nM '^{Zi - Zi_i) 


(jJi \ n 


uJiiS) 


Since S is strictly diophantine relatively to {uj,fj,o), we have 


.lim <^,lim (n + 2T(^)"° =0. 

1^+00 \UJi[b) J n\ 1^+00 \u>i[b) j 


Let us set 


Thus, we have 


ijOi \ A‘0 




mes 2 nAl \ H(/) < 7^0 nM 2^ Z* (a* - Oj+i) - (n + l)ai . 


Let V' •]!) +oo[^ R+ be the function defined to be 


'^{x) := E T^^12'-L2' 

7TT xiiyb) 


52 



where X]2*-i 2®] denotes the characteristic function of ]2® ^,2*]. Since 


_2_ , V _2_ 

C<;2 \ / LJi+l \ / 


MS), 

the previous estimate becomes 


\LOi+l{S)J 




/2» 


^ M 

mes2n/C \ W(/) <7^0 


Since 


(n- 1)! [ J2 


lim (2* + w = lim { 2 ^ + nf 

t^+00 fc_,+oo 


r+oo 2 

(2* + n)'^d{'ij;{t) ''o ) — (n + l)oi 


Wfc \ "0 




= 0 , 


After integrating by part, we obtain 


mes2n/C\W(/) < ^ [(2^ + n)”'a2 - (n + l)ai 

[n — Ij! 

r+00 2 

+nln2 j 2 \ 2 ^ + n)'^-^ip{t)'^dt 

By assumptions, for any positive integer k, ( 2 ^ + n + is less than or equal to 

^u>,u>(s),2/fiQ- Thus, 


^+00 

J 2\2^ + n)^M{t) 


^0 dt < 2/1,0 


M _ M,io{S), 2/(10 

, 2 * “ 41 n 2 


At the end, we obtain the estimate 

^ M 


n 


mes2n/C \ n{f) < 7''o p + n)’"a2 - (n + l)ai + -M^^^(^s),2/(io 

Let e* be a postive number less than mes2nAl. Let 7 denotes a positive number such that 

e*(n- 1)! 


7 < max 


MO 

2 


M [(22 + n)^a2 - (n + l)ai + jM^^^(^s),2/(io] 


P 


M,uj{s) V 2^0 + 2 

Then, the 2 n-measure mes2n/C \ Lf(/) is less than or equal to e*. Therefore, the 2 n-measure 
mes2nLf(/) is greater than or equal to mes2n^ — e* and we are done. □ □ 


9.2 Application and proof of theorem 14.0.81 

The aim of this section is to give a sufficient condition which ensures that the sequence of 
compact sets {JCk}k>i will “converge” to a nonvoid compact set /Coo- More precisely, we 
shall show that if S is strictly diophantine with respect to and if the compact set JC 

has a positive 2p-measure, then /Coo is also of positive 2p-measure. 
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Let us recall some facts: the vector field X belongs to X^(Dn( 0 , 1 )) and is assumed to 
be a good deformation of the nondegenerate vector field Xq- Let 7 be a positive number. 
Let /C be a compact set of 'k[Dq{p)) of positive 2 r-measure. Let us consider the decreasing 
sequence {ICk^NF,u},^)}k>ko compact sets of tt{Dq{p)) defined to be: 


ICk 


= {be ICk-i I Va G 





NF^{x,u) = Y,aj{urSj{x) 
i=i 

denotes the Lindstedt-Poincare normal form of X of order m. We want to consider the map 
{b) as a pertnrbation of the nondegenerate map (b). First of all, we shall extend this 
function to a fixed neighborhood B of X (independent of k). Using a result of Riissmann, 
we can bound the norm of the extension a? (b) on .6 by a the norm of (6) on /C + t2k+i , 
the f2fc+i-iieighborhood of X. Let po be the amount of nondegeneracy of We shall 

estimate the C^“-norm of the difference on some well chosen neighborhood of X^-i- We 
shall show that this estimate is small enough so that we can apply proposition 19 . 1. 41 It will 
follow that the set ) has positive measure and is contained in Xk- 

Theorem 9.2.1 ftheorem 19.7 |Rus qB). Let X be a nonvoid set in C"', let t be positive 
number and let X + t denote the t-neighborhood of X. Let f : X + t ^ be a holomorphic 
and bounded function. Then, there is a C°° function f : C” —> such that f{x) = f{x) 

for all x e X, and the estimates 


sup sup 
xeC" aeC",|a|2<l 


D^f{x){a^) <C{n,v)t 


sup |/(x)|, 

x&fC+t 




hold with eonstants C{n,v) not depending on f and satisfying the inequalities 


1 = C(n, 0 ) < C(n, 1 ) < C{n, 2 ) < • • • . 

From now on, we shall define to be the aforementioned extension of to C”. 
Lemma 9.2.2. Let x a function in C^°{X.q, C^) such that, for any integer ko < k < v. 


X-a 


< 


7 ‘^fc+i 


ic^ ~ f A(2^+i + 1)' 


Assume that none of the Xk’s is nonvoid when the interger k ranges from ko to v. Then, 
Xy+i contains where 


T-Lkix) := < 6 G /C I Va G 


a 


^X 3 {b) 9 j 


> 2-iUk+i > . 
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2^+1 2^"^^ 

Proof. Let 6 be a point in TCkiXji for some Uq < k < v. Let a be a weight in ’ 

We have 


a 




> 


> 


a 




i=i 

27 u;fc+i - 


“ I “ Xj){b)gj 

i=i 


“ I “ Xj){b)gj 

i=i 


Moreover, for all 1 < j < /, \a{gj)\ < A( 2 ^+^ + 1 ). So, we obtain 

(«f - Xi) 




< ZA(2^+^ + 1) X - 


K 


Since 


X-a 


is less than or equal to we obtain 




a 


{b)gj 


> T^^fc+i- 


Thus, we have proved the inclusion 


[l,eC|Vae>vf«’=“, 

“ f I 

> 7CUfc+i ] 

1 

V.=1 / 

J 


If k is greater than feo, we have 


ICk = /Cfc_in J 6G/C|VaG Wf+i’2'=+i^ 


a 




'3 


> dl^k+l 


D /Cfc_i n ?ffc(x). 

By induction on the integer k which is greater than or equal to ko, we obtain 

k k k 

^ ^fco Ll n «^w= n -H.ix)^n-HM- 

j=ko+l j=ko+l i=l 


□ □ 

We want to apply the previous lemma to Let us define Bk := JCk + t2k to be the 
t2fc-neighborhood of /C^. The inclusion B^ C B^ holds whenever k is less than or equal to u 
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and greater than or equal to /cq. For any integer ko < k < v, we have 


- 2 " - 2 ^' 
a —a 


K.^ 


< 


< 


E 

j=k+l 

E 

j=k+l 


-2J 

_2Z-l 

a 

— a 


oz-i 

CL 

— d 


K.^ 


< E 

j=k+l 

< 2l\L-^\ E ' 




< 


. , cf 260 -i) 

2l\L-^\'y^ujl^^ 2 ““ - 2 - 6 “^ 
^ 1 - 2-6 


The third inequality is due to lemma [7.1.11 while the fourth one is due to inequality (|7.d.4l) . 
If k is large enough, then 

2/|T-i|/A76a;|^^ 2-6^ - 2-6^ 


„3 

Cl 


( 2'=+6 + 1 ) < 1 . 


1 - 2-6 

As a consequence, if kg is large enough, then for all integer greater than or equal to kg, 


+CXD 


/C^+1 D Pi Wfe(a^") D P Hkia^''). 

fc=fco + l fc=fco + l 


Let us show that the set 

+ 00 

P nu{a^'^) 

k=kQ+l 

is of positive 2p-measure. In order to do this, we shall apply proposition 19.1.41 to a}''. We 
have to obtain good estimates for the derivatives of the approximate function. In order 
to compensate the power of t which arises in the inequality (cf. theorem 19.2. HI . we shall 
“decrease” the radius on which we have obtained the estimates which led to the proof of 
the existence of invariant analytic subsets. 

Let /i be an integer greater than or equal to 3. Let us define the sequence of positive 
numbers 

l/2<i?o = c<l, Rj+i = e^Rj. 

As in lemma IR. 0.11 we show that if k is greater than or equal to some positive integer k 2 , 
then Rk > Rk 2 l‘^- Let us set Rk 2 '■= 1 as above. The basic sets on which the estimates are 
done are now the Dn{0, R 2 k) x Dp{b,trnys. The convergence will follow from the analysis 
done above. Using the notation of the induction process section, we have the estimate 
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(following (I7.:-{.4I) 1 


\B‘ 


I Dp(fe,i2m)i-Rfc + 1 Dp{b,t2m)yRk + l 

< <”+‘>|B + C|D.,M„),r 

- (J^rn^t^ \B + C\Dp{b,tm),'> 


< 




UJ 


2ti 

'fc +1 


gMj^2/i+4 


(9.2.1) 


The second inequality is due to the fact that i? + C is of order greater than or equal to 
m + 1. Therefore, we obtain, for any nonnegative integer k less than or equal to fiQ, 






< ll^'c 

j=ko+l 


-2i 

o —a 


< ^ I T>^(o2 ' ') 

i=fco+i 




IC^ 


< 


< 


^ C{p,k)t 

j=ko+l 


-k 

2i 


23 23 -^ 

a —a 


2l\L-^\Cip,k)t 

j=ko+l 


-k 






A* k 


j=ko+l 


2Fi3 


The last inequality is due to inequality (19. 2. HI . Moreover, the last sum is not only convergent 
but also small if p is well chosen (with respect to po). As a consequence, we obtain 


I 2''0 -2’' 

\a —a 






2 ^ 0 - 


Hence, according to proposition 19.1.41 the measure of the set 


n{d^^) := < 

5g/C|VzGN*, 


> i^Ji 


1 

) 



satisfies mes 2 p'M(a^"") > mes 2 nA — e*. Therefore, F^+i is nonvoid, its 2p-measure satisfies 

mes 2 p'lf(a^ ) > mes 2 pF — e*, 

and we are done. 
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10 Where do the tori of the classical KAM theorem come 
from ? 

Let us give a taste of how we can recover the “classical” KAM theory with genuine real 
tori. Let us consider a real analytic hamiltonian H u\ a, neighborhood of the origin in 
We assume that 

Nq n 

H{x,y) = EE + yfY + hMo+i{x,y), 

l=l i=l 

where hMo+i{x,y) is a real analytic function of order greater than or equal to Mq + 1 > 
2Nq + 1. Here, the Hi/s are real numbers and to = dxi A din denotes the canonical 

symplectic form of Let us write the hamiltonian the the complex coordinates Zj = 

Xj + i-jjj, j = I,..., n. We have 

A^o ^ 

H{x,y) = H{z,z) = EE y^iiziZiY + hMo+i{z,z), 

l=l i=l 


where hMo+i{z,z) = hMo+iix,y). 

Let us complexify the hamiltonian. We obtain a holomorphic hamiltonian G in a neigh¬ 
borhood of the origin in with (z, w) as complex symplectic coordinates: 

A^o ^ 

G{z, w) = EE Hi,l{ZiWiY + hMQ+l{z,w). 

1=1 i=l 

We recover Id (or Id) by restricting G to the set 

n 

P|{u!i = Zi}. 
i=l 

It is assumed that G is a perturbation of the nondegenerate integrable hamiltonian 

A^o n 

Ho = ■ 

1=11=1 

Let g be an n-dimensional commutative lie algebra. Let S be the injective semi-simple 
linear morphism defined to be: 

^{9i} = ZiT\ - Wi -—, i = l,...,n. 

OZi OWi 

Its nonzero weights are integers so that S is diophantine. Its ring of invariant is Gfn ~ 
..., Un]] with Ui = ZiWi and its centralizer is the C[[ui,..., Un]]-module gen¬ 

erated by Zi^ and Wi-^ with 1 < i < n. We refer to our previous [StoOnj [chanter 10] for 
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more details. Since the vector field Xq associated to G is symplectic, its Lindstedt-Poincare 
normal form of order any order m is of the form: 

n 

... ,Un)S{gj). 

Therefore, we can apply our result: Xq has invariant analytic subsets which are biholo- 
morphic to the intersection of = Cj} with a fixed polydisc, for some well chosen 

constants Cj. The normalization process is certainly compatible with the restriction to the 
set = Zi}] that is, it commutes with the complex conjugacy. This can be done as in 

the case of Poincare-Dulac normal form (see for instance). Therefore, if one chooses 

a set of real constants, the hamiltonian vector field will have invariant (real) analytic subsets 
analytically isomorphic to the intersection of a fixed polydisc with 

( n \ n 

p|{u;i = Zi} \ = f]{ziZi = xi + yf = a}. 
i=l / i=l 

for some real constants Cj. These are the genuine real tori. 



10.1 The volume preserving case 

Let us consider a holomorphic volume preserving vector field X which is a deformation 
of a nondegenerate volume preserving polynomial vector field Xq in a neighborhood of 
the origin of C". Let g be a (n — l)-dimensional commutative Lie algebra with a basis 
G = {gi, ■ ■ ■ ,gn-i}- Let S be the linear semi-simple and injective morphism defined to be 


^\9i) — o ^i+l n ; 

OXi OXi+i 


i = 1 ,..., n — 1. 


The values of the nonzero weights of S are integers; thus, S is diophantine. Moreover, if 
we set u = ri • • • Xn, then the ring of invariant of S is defined to be = C[[u]] whereas 

its centralizer is the C[[n]]-module generated by the Xj^’s, 1 < i < n. Since the 

vector field X is volume preserving, its Lindstedt-Poincare normal form of order any order 
m is of the form: 

n—1 

Therefore, we can apply our result: X has invariant analytic subsets which are biholomor- 
phic to to the intersection of a fixed polydisc with 


{Xi---Xn = Ci} 


for some well chosen constants c*. 
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